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ABSTRACT

This thesis consists of five chapters. The first four chapters deal with an estimation
method for time series models via the empirical characteristic function (ECF). The
fifth chapter proposes a test statistic which is useful in financial modelling.

In the first chapter we first review what has been done for the ECF method in
both the independently and identically distributed (i.i.d.) case and the dependent
case. It appears that the ECF method has received little attention in the dependent
case. Consequently we propose an ECFEF method to estimate stationary time series
models and obtain the asymptotic properties for the resulting estimator. The con-
ditions which ensure the asymptotic properties appear regular. The ECF method is
useful because many examples have been found in economics where the traditional
estimation methods, such as the maximum likelihood (ML) estimation method, do
not work or are not easy to work with. In some cases the likelihood has no closed
form and in some other cases the likelihood function is not bounded over the param-
eter space. In some cases the likelihood has a closed form and is bounded over the
parameter space, but it is too difficult to numerically approximate. The intuition
why the ECF method can work well is that the characteristic function (CF) has a
one-to-one correspondence with the distribution function and hence the ECF contains
all the information in the data. Also the ECF is uniformly bounded and absolutely
continuous.

In Chapter 2 we apply the ECF method to estimate the linear ARMA models.
To use the ECF method efficiently, the optimal weight functions and the estimating
equations are derived for the ARMA models. The Monte Carlo studies confirm the
validity of the ECF method in terms of finite sample properties. For example, for the

MA(1) and AR(1) models, the ECF method can work as well as the ML method. For

iii
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the ARMA(1, 1) model, the ECF method outperforms the conditional ML method.

In the next two chapters we apply the ECF method to estimate the non-linear time
series models. In Chapter 3, we focus on the estimation of the stochastic volatility
(SV) model. The SV model is considered because this model has attracted a great
deal of attention in both finance and macroeconomics. However, the estimation of
the model is hard because the likelihood function for the model has no closed form.
Consequently, the characteristic function for a SV model is derived and an estimation
method based on the ECF is used. The Monte Carlo study shows that the ECF
method is a viable alternative. An empirical application is considered in this chapter
and suggests different empirical results from what are normally found. In Chapter 4,
we estimate a diffusion jump process by using the ECF method, where the intensity
parameter in the Poisson jump process is self-exciting. This model is considered
because it is an alternative way to the ARCH-type models to describe the movement
of stock prices but it allows for the dis-continuity in the sample path. However, the
estimation of the model is hard because the likelihood function for the model has no
closed form. Consequently, the characteristic function for this model is obtained and
hence we estimate the model using the ECF method. The Monte Carlo study shows
that the ECF method outperforms the generalized method of moments (GMM). An
empirical application is considered and we find some interesting empirical results.

In Chapter 5 we propose a test statistic to distinguish finite-variance models and
infinite-variance models for daily stock returns. The distribution form of stock returns
is important for both theoretical and empirical analysis in finance. Most of recent
literatures suggests that finite-variance models have greater descriptive power than
infinite-variance Stable distribution for daily stock returns. When we apply our test
statistic to S&P 500 daily returns, we find that most finite-variance models can not
be rejected when the crash days are excluded. However, all the existing finite variance
models have been rejected when the crash days are included.

iv
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Chapter 1

EMPIRICAL CHARACTERISTIC FUNCTION IN TIME
SERIES ESTIMATION

1.1 Introduction

Maximum likelihood estimation under parametric assumptions is one of the most
widely used estimation methods. One reason is that it results in estimators which
are consistent, asymptotically normal and asymptotically efficient under appropri-
ate regularity conditions. To implement the maximum likelihood method, however,
the likelihood function must be of a tractable form and is sometimes required to be
bounded in parameter space. Unfortunately, there are many processes in economics
where the maximum likelihood approach is difficult to implement, both in the inde-
pendently, identically distributed (i.i.d.) case and the dependent case. In the i.i.d.
case, the processes sometimes have an unbounded likelihood function in parameter
space. Examples include mixture of normals and switching regression models (Tit-
terington et al (1985) and references therein). In the economic context, the mixture
of normals and switching regression models can be viewed as contaminated data
or structural change problems (Granger and Orr (1972)). For example, in a firm’s

monthly production series, the contamination may be due to a sudden strike, a sale
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promotion, or an annual vacation shutdown. In daily interest rate changes, the result
of a governmental policy action can be viewed as structural change. In stock markets,
the disclosure of information signals may lead to a parameter shift (Kon (1984)).

In other examples, however, the density functions of the processes can not be
written in a closed form, such as the Stable distributions and compound normal and
log-normal models. Both models are proposed to describe the behavior of stock re-
turns (Mandelbrot (1963); Fama (1965); Clark (1973)). This problem also arises in
the dependent case. Such examples include stochastic volatility (SV) models (Ghy-
sels et al (1996)), ARCH-type models (Bollerslev et al (1992)), and processes which
are compound Poisson-Normal and where the Poisson intensity is random, possibly
dependent on past information in the series (Knight et al (1993)). Some of these
models have found wide use in macroeconomics and finance.

Although some processes have a known density, evaluation of the exact likelihood
can be extremely difficult for various reasons. For instance, in order to calculate the
exact likelihood function of stationary ARMA models, one needs to deal with the
determinant and inverse of the covariance matrix (Zinde-Walsh (1988)). However,
such calculations can be computationally very expensive or even infeasible for a large
number of observations.

The usual response to such difficulties arising from the likelihood is to use alterna-
tive methods!. For example, one might use some variant of the method of moments
(Hansen (1982)), the conditional maximum likelihood (Bollerslev et al (1992)), the
quasi-maximum likelihood (QML) (White (1982)), or the simulation based method
(Danielsson (1994b); Duffie and Singleton (1993)). Although all methods are con-

sistent under regular conditions, some of them are not asymptotically efficient. Fur-

'In estimating ARMA models, the exact maximum likelihood method is available by use of the
Kalman Filter (see Hamilton (1994)).
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thermore, the small sample properties of these methods may be unsatisfactory. This
thesis discusses another alternative, a method that uses the empirical characteristic
function (ECF).

Initiated by Parzen (1962) , the ECF has been used in many areas of inference
such as testing for goodness of fit (Fan (1996)), testing for independence (Feuerverger
(1990)), testing for symmetry (Feuerverger and Mureika (1977)), and parameter

2 The main justification for the ECF method is that the characteris-

estimation.
tic function (CF) has a one-to-one correspondence with the distribution function,
and hence the ECF retains all the information present in the sample. Theoretically,
therefore, the inference based on the ECF should work as well as that based on the
empirical distribution function. The advantage of using the CF is that it is uni-
formly bounded and thus, should result in more robustness and greater numerical
stability. The theory for the ECF method in the i.i.d. case is complete (Feuerverger
and Mureika (1977); Csorgé (1981)). Surprisingly, however, the dependent case has
received little attention and consequently there is great scope for research.

The purpose of this chapter is to discuss the ECF estimation method for stationary
stochastic processes and establish the asymptotic properties of the ECF estimators
for general stationary processes.

Section 1.2 conducts a literature review of the ECF method in both the i.i.d. case
and dependent case. Section 1.3 proposes the ECF method in a general framework,
specifies the assumptions and obtains the asymptotic properties of the ECF estimator
for stationary processes. It turns out that the conditions which ensure the asymptotic

properties are regular. Theoretically, therefore, the proposed ECF method is justified.

2The references for parameter estimation include Feuerverger and McDunnough (1981a,1981b);
Feuerverger (1990) , Heathcote (1977), Knight and Satchell (1996, 1997), Press (1972), Quandt and
Ramsey (1978); Schmidt (1982), Paulson et al (1975) and Yao and Morgan (1996).
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1.2 Literature Review

In this section, a literature review is performed on the ECF method in the i.i.d. case
and dependent case. The ECF method in both cases shares the same spirit, that is,
to match some distance measure between the ECF and the CF. While the literature
in the i.i.d. case is extensive, very little research has been reported in the dependent

case. [ will present them in detail.

1.2.1 The I.I.D. Case

Suppose {X;}2_. is a sequence of independent univariate random variables with
common distribution function Fg(z) which depends on a vector of unknown pa-
rameters 8. We have a finite realization {z,,zs,...,z,} and we wish to estimate
0. The CF is defined as c(r;0) = [exp(irz)dFg(z), and the ECF is defined as
ce(r) = # -1 exp(irz;), where r is the transformation variable. Hence the ECF is
the sample counter part of the CF and contains the information of the data, while
the CF contains the information of the parameters.

By the S.L.L.N. ¢,(r) &} ¢(r; ) for any fixed r < 4+o0c. If E|X|'*® < +oc for
some positive §, Feuerverger and Mureika (1977) provide a weak convergence result
for Y, (r;0) = /n(ca(r) — c(r;8)). That is, Y,(r;8)=Y (r; 8) in every finite interval,
where Y'(r;0) is a complex valued Gaussian process.> Moreover, Csorgé (1981) ob-
tains the strong approximation for Y, (r;8). Both the weak convergence and strong

approximation justify the estimation method via the ECF.

An estimation procedure using the ECF is to choose 6, to minimize*

1n(6) = [ lea(r) - e(r; ) dG(r), (2.1)

3« = " is defined as weak convergence (see Billingsley (1986)).
4 means [72° in the thesis unless specified.
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or
1(6) = [ lea(r) = c(r: 0)Pg(r) dr, (2.2)

or to solve the estimating equation

[ we(r)ealr) = c(r; 8) dr =0, (2.3)

where G(r), g(r) and wg(r) are weight functions. Under suitable regularity assump-
tions Heathcote (1977) establishes the strong consistency and asymptotic normality
for 0,,.

A simple estimating procedure is to choose G(r) to be a step function with a
finite number of jumps. This discrete type procedure consists of two steps. Firstly,
we choose q (no less than the number of the unknown parameters), and ry,ry, ..., Tq.
Secondly,

a3 lea(r) - clrysO)P (2.4)

€0 ;=1

Basically this is the procedure proposed by Quandt and Ramsey (1978) and is essen-
tially the ordinary least square (OLS) procedure.®
Since cp(T1), -, ca(rq) are not i.i.d., the OLS procedure results in inefficient es-
timators. Consequently, Schmidt (1982) proposes a more efficient estimator of 8 by
performing the generalized least square (GLS) procedure,5’
. q q bl -
min Y D (ca(r;j) = c(rj; 0))Q k) (Cn (k) — E(rx; 6)), (2.5)
6O i=lk=1

where €2 = (£(;)) is the inverse of a consistent estimate of the variance-covariance

matrix of ¢p(r1), -, ca(rq), and € is the conjugate of ¢. For both the OLS and GLS,

5They use the moment generating function instead of the CF.

SHe also uses the moment generating function.
"Basically the procedure is a feasible generalized least square FGLS which results in an estimator

asymptotically equivalent to the GLS estimator.
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the resulting estimators as well as the asymptotic variance depend on the transfor-
mation variables, the r’s. Not surprisingly the efficiency also depends on these r’s.
Feuerverger and McDunnough (1981b) show that if the r’s are sufficiently fine and
extended the Cramér-Rao lower bound can be reached. However, at least two prac-
tical difficulties arise when the optimal r’s are to be chosen. First, how many r’s
should be used (i.e., the value of ¢)? Second, how to make them optimal? Regarding
the second question, Schmidt (1982) proposes to choose r’s to minimize the determi-
nant of the asymptotic covariance matrix of the estimator for a given q. This makes
sense in the single parameter case. However, there is no clear procedure in the multi-
parameter case. Yao and Morgan (1996) advocate minimizing the mean square error
rather than the asymptotic variance.® To make the minimization numerically more
efficient, Feuerverger and McDunnough (1981b) suggest using equally spaced points,
ie, r; =7-7,7 =1,2,...,q. The greater difficulty involves the first question, the
choice of q. Schmidt (1982) points out that the choice of q would have to await the
discovery of the sample property of the estimates, which is still an open question.

Alternatively one can choose the transformation variables continuously. The tech-
nique can be accomplished by using a continuous weight. For example, Paulson et al
(1975) choose g(r) to be exp(—r?). However, the resulting estimators for an arbitrary
weight are inefficient.

To find an optimal weight function, we focus on Equation (2.3). Consider the first

order condition of maximizing the log likelihood function,

/alo_ga{oe_({zd(Fn(:r) - Fg(z)) =0,

where F,(z) is the empirical distribution function defined in Billingsley (1968). Ap-

8They detail the application using the Laplace transformation.
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plying the Parseval Theorem to the above equation, we obtain
ol A
/ = / ogfe(x e~ "% dz (ca(r) — c(r; 0)) dr = 0.

Therefore, the resulting estimator of (2.3) is equivalent to the maximum likelihood

estimator (MLE) if the weight function wg is proportional to the function below,

dlog f (1:) _
O J N ITI d 2.
27r/ a0 (2:6)
An example is provided by the normal distribution. Let {z,,z3,...,z7} be inde-

pendent and identically distributed N(0,0?) random variables, where o is the only

unknown parameter. Thus

2

1 1 2 I
log f(z) = 5 log 27 5 logo 557"
and
dlog f(z) 1 + z?
do?2 202 20
From (2.6), the optimal weight function can chosen as
2
we2(r) = 5 /(—'é? 557 —— ) exp(—irz)dzx (2.7)
1 1"
= 2025(r) - 5:7:5 (r),

where 6(-) is the Dirac delta function and defined as,
0 ifz#0
é(z) = *
+oc ifz =0,
For the rigirious definition on 6(z) and the discussion of its properties, see Gel’'Fan
(1964). Substituting the optimal weight function into the estimating equation (2.3)

we have

0 = /{—— (1) ~ 50" (") ben(r) dr
= -t / §(r)cn dr—— / 8" (r)ca(r) dr

B 1 a2c,,(r)
= ‘2—‘%()“%7 pre =0
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This implies

)

2 T

Fn= Tl = L 3
which is the same as the MLE of 02. Note that Paulson et al (1975) choose the
weight function to be exp(—r?) and Heathcote (1977) chooses d(z) as the weight.
Both exp(—r?) and &(z) together with our weight function assign more weight on
an interval around the origin and hence are consistent with the theory that the CF
contains the most information. See Theorem 7.2.1 of Lukacs (1970).° However, by

including the second order derivative of d(z), our weight function puts even larger

weight on the origin and is expected to result in the most efficient estimator.

1.2.2 The Dependent Case

Let {y;}32 _. be a univariate, stationary time series whose distribution depends upon
a vector of unknown parameters, 8. We wish to estimate @ from a finite realization

{y1,y2; ---, yr}. The overlapping blocks for y;, ys, ..., yr are defined as,

zJ = (yJa seey yj+p),7 ] = 17 erey T — D

Hence each block has p observations overlapping with the adjacent blocks. The CF

of each block is defined as
¢(r; 8) = E(exp(ir'z;)),
where r = (r!,...,rP*1)'. The ECF is defined as

cn(r) =

S|~

n
> exp(ir'z;),
j=1

where n =T — p.

9For a unbounded random variable which has moment generating function discussed in this thesis,

the uniqueness theorem still applies.
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The estimation procedure is similar to the i.i.d. case, i.e., to match some distance
between the ECF and the CF. Unfortunately, only two papers are related to the de-
pendent case. The first work is published by Feuerverger (1990) and the second one
is reported by Knight and Satchell (1996). Both papers propose to match the ECF
and the CF over a grid of finite points and hence we call the procedure “the dis-
crete ECF method (DECF)”. Feuerverger (1990) proves that under some regularity
conditions, the resulting estimators can achieve the Cramér-Rao lower bound if p is
sufficiently large and the grid of points is sufficiently fine and extended. However,
he has not applied the procedure to estimate any time-series model. Knight and
Satchell (1996) detail the application of the DECF method to stationary stochas-
tic processes and give a multi-step procedure. We review their procedure in de-
tail. Firstly, choose ¢ and an arbitrary set of vectors (ry,...,r,), where each vec-
tor is of length p + 1. That is, choose G(r) to be a step function with ¢ jumping
points. Secondly, define V' = (Rec(r;;0),..., Rec(ry; 8), Imc(ry;0). ..., [mc(ry; 0))',
and V, = (Recq(T1);...., Reca(ry), Imca(r1), ..., Imca(ry))' . and choose r to min-

imize (V, — V)/(V, — V) to obtain a consistent estimate for 2, Q, where Q =
Qrr Qprs

Qr Qur
measure of the asymptotic covariance matrix of the GLS estimators. Fourthly. based

is the covariance matrix of V,,. Thirdly, choose r to minimize some

on the optimal r obtained at step 3, repeat step 1 to obtain another consistent esti-
s -1

mate for (2, say Q Finally choose @ to minimize (V, — V)'Q (V, — V). The explicit
form for the covariance matrix €2 is given by Knight and Satchell (1996). Choosing
p =2, ¢ = 5 and an arbitrary (r,...,7,), Knight and Satchell (1996) use the DECF
method to estimate an MA(1) model and perform a Monte Carlo simulation. They
find that the DECF method is a viable alternative method, however, the performance

of the DECF method is strictly dominated by that of the MLE.
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The finding is not surprising and can be explained intuitively. Since matching
the ECF and the CF over a grid of finite points is equivalent to matching a finite
number of moments, the DECF method is, in essence, equivalent to the GMM. Just
like sometimes it is not obvious how many and which moments to choose for the
GMM, the difficulties for the DECF method are how many and which »’s we should
use.

The difficulty also comes from the choice of p. For the blocks to capture all the
information in the original series, the choice of p could be critical. However, there is a
trade-off between a large p and a small p. If we choose a large p, we should expect the
moving blocks contain all the information in the original series. By doing so we lose
no information and the estimation via the ECF based on such blocks could be efficient
when an optimal weight function is used. In fact, according to the inversion theorem,
the joint density is the Fourier inversion of the CF of moving blocks. Provided the
Fourier inversion can be implemented efficiently, the ECF estimator is asymptotically
equivalent to the MLE. Unfortunately, such an inversion is high dimensional integral
and sometimes cannot be simplified. Therefore, the procedure could be numerically
infeasible. On the other hand, a smaller p could be chosen to achieve the feasibility
for the procedure, however, the n(= T — p) overlapping blocks may not retain all
the important information of the series. Consequently, several issues arise here. The
first issue is whether and under what conditions the ECF estimator has desirable
asymptotic properties for general p and general weight. The second one is how to
choose p and the weight in order to construct an asymptotically efficient estimator
via the ECF method. The last issue that needs to be addressed is the finite sample
properties of the ECF estimator. In the next section we will propose the ECF method
for stationary stochastic processes in more general framework as well as obtain the

asymptotic properties of the resulting estimator.
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1.3 ECF Method and Asymptotic Properties

Observing the difficulties involved in the DECF method, for stationary stochastic

processes, we propose the ECF method which minimizes the integral
1.(6) = [ - [ lealr) = clr; ) dG(r), (3.1)
or
1,(6) = [ - [lea(r) = c(r: ) Pg(r) dr' - - dr™*", (3.2)

or solves the following estimating equation

[+ [wg)ealr) - (r; 8)) dr = 0. (3:3)

If the weight function G(r) is chosen to be a step function, the procedure is indeed
the one proposed by Feuerverger (1990) and Knight and Satchell (1996). Hence the
procedure we propose includes the DECF method as a special case. We can certainly
choose an alternative weight. If a continuous weight function is used, the procedure
will basically match all the moments continuously, including integer moments, frac-
tion moments and irrational moments. In this sense, the procedure exploits more
information in the sample. Another advantage of using a continuous weight function
is that one no longer needs to choose the transformation variables, r’s, because they
are simply integrated out. In this thesis we refer the ECF method with a continuous
weight as “the continuous ECF method (CECF)”. The simplest weight for the CECF
method is probably g(r) = 1 (or G(r) = r). This procedure is referred to “the OLS
of the continuous ECF method (OLS-CECF))”. We can also use “the weighted least
square of the continuous ECF method (WLS-CECF)” by choosing g(r) to be a non-
equally weighted function such as an exponential function. Furthermore, by using

the Parseval Theorem, we can obtain an optimal weight function, w*(r),

I i+p|Yis - - s Yjtp—
(_ p+l/ /exp( ir'z;) ang(yJ+p|g§ » Yj+p—1) dy; . .. dy;ep. (3.4)
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The weight is optimal in the sense that based on w*(r) and Equation (3.3), the
resulting estimator can achieve the Cramér-Rao lower bound when p is sufficiently
large (Feuerverger (1990)). The procedure associated with the optimal weight is
referred to “the GLS of the continuous ECF method (GLS-CECF)”.

For simplicity of notation we deal only with the single parameter case and the
estimator resulting from (3.1) in the next two theorems. The multi-parameter case will
be considered in Chapter 3 and Chapter 4. The equation (3.1) consists of minimizinga
distance function and hence can be regarded as the Fourier version of the M-estimators
first discussed in the i.i.d. case by Huber (1981) and extended to the dependent case
by Martin and Yohai (1986) . The necessary regularity conditions will be outlined in
detail. Based on the conditions the consistency and asymptotic normality are then
reported and proved. Theoretically, therefore, we justify the proposed procedure.
Assumptions:

(A1) Let © be a compact set.

(A2) I,(6) can be differentiated under the integral sign with respect to 4.

(A3) 6, = argmingeel,(6).

(A4) True value 6 lies in the interior of ©.

(A5) The sequence {y,} is ergodic.

(A6) ¢’(r;0) exists and is uniformly bounded by G-integrable function, where the
prime denotes differentiation with respect to 6.

(A7) The sequence {y.} satisfies the p mixing condition. That is, if p(q) is the
maximum correlation possible between functions of the y;’s separated in time by a

distance ¢, then

i p(g) < oco.
q=1

(A8) [---J((r;0))?lo=6, dG(T) # 0.
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Theorem 1.3.1 For any fized p, under assumptions A1-A5, the ECF estimator by
minimizing (3.1) is strongly consistent, i.e.,
8. =3 6
Proof: Assumption (A5) implies that
cn () &% c(r: 8p) Vr € RPH,
Hence, we have,
Rec,(r) ¥ Rec(r;6),

and

Imen(r) %% Imc(r: 60).
For any 0 > 0, consider
L(Bo £ 6) — [.(6) = / / {[Rec(r;eo +6) — Rec(r: 90)]
[Re c(r: 0y £ 6) — Rec(r:60) — 2Re cn('r)]
+ [Im c(r: 0y % 8) — I c(r; 90)]
[Im c(r: 6y £ 6) — I c(r; 6p) — 21mcn(r)] } dG(r).
Taking expectation, we have
E{In(80 £ 6) — In(60)}
- / o f {[Re c(r; 00 + 8) — Rec(r: 490)]2 + [Im c(r: 6o + 6) — Im c{r: 60)]2} dG(r)
> 0,

and it follows from the strong law of large numbers that the inequality I,(6p = ¢) >

I,(6p) holds almost surely. By Assumption (A3), we have

0, %3 6.
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This is the result of the strong consistency. W

Theorem 1.3.2 For any fized p, if 0, %% 6,, under assumptions A6-A8, the ECF

estimator by minimizing (3.1) is asymptotically normal, i.e.,
\/ﬁ(én - 00) 2) N(01 W2)7
where the expression of W? is given in the proof.

Proof: Consider the first order condition of the minimization problem (3.1) and by

Assumption (A2), we have,
) = 2/---/{[Recn(r) — Rec(r; Q)JRec'(r;G)
+ [Im en(r) — Im c(r: o)] Imd(r: 9)} dG(r)
- —%J\; [ {[cos(r'zj) - Rec(r;B)} Red'(r:6) (3.5)
+[sin(r’:1:j) — Imc(r; 0)] Imc(r; 0)} dG(r)
= 0.

Define

K;(6) = /---/{[cos(r'z]—) - Rec('r;B)] Red(r;0)

+ [sm(r'm,-) — Imc(r; o)] Imd(r; 0)} dG(r), (3.6)
hence I’ (6) is the partial sum of random sequence {K,(6), K2(f), - -} multiplied by
a constant. Of course the random sequence is not independently distributed since
x5 are correlated with each other. However, we may show that Assumption (A7)

implies the p mixing for the sequence {K(8), K2(8), - --}. Calculating the variance of

the partial sum, we have

%Var(Kl 8) + - - + K (6)) (3.7)
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/ // /{Rec(r 8)Rec (s; 0) Z ZCov(cos(r x;),cos(s’ :z:k))

j=lk=1
+Recd (r;0)Imc(s; 0)% > Y Cov (cos(r':cj), sin(s':ck)) +
J=lk=1
Imd(r;0)Imd(s; 0)% 3> Y Cov (sz’n(r'a:j), sin(s':z:k)> } dG(r)dG(s).
I=lk=1

If we define

U (r,8) = Elexp(ir'z; + is'Tx41)],

we can rewrite the covariance as,
1 n n , ,
=3 Z Z (cos(r z;),cos(s a:k))
= %(Re c(r + 8) + Rec(r — 8)) — Rec(r)Rec(s) + 9— z k)(Re Ui(r, s)
+Re ¥i(r, —8) + Re Ui(8,T) + Re ¥ (s, —T)),

= Z Z Cov (cos(r z;), sin(s’ zk))

J=lk=
-1

= 2—lﬁ(lmc(r—s)+lmc(r—s)) Rec(r)Rec(s -21—2 k)(Im Ur(r, s)

)

—Im¥i(r,—8) + ImYi(s,r) + Im Ur(s, —1)),

% ]Z:; k}::l Cov (sin(r’:z:]-), sin(S'mk))
= %(Re c(r+8) + Rec(r — 8)) — Imc(r)Imc(s) + # :gl(" — k)(Re ¥k(r, —s)

—Re Vi(r,8) + ReUi(8, —7) — Re ¥r(s,T)),
where c(r) = ¢(r; ). Assumption (A7) implies the convergence of
o0
> Cov(exp(ir’:cl), exp(z’r’zk+1)) .
k=t
Consequently, we can define 2 as

£? = lim —1—Var(K1(00) -+ Kn(80)). (3.8)
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Using a central limit theorem for stationary processes (for example, Theorem 18.5.4

in Ibragimov and Linnik (1971)), we have
n'’21' (8,) B N(0,45?). (3.9)
Consider the second derivative of I,,(6)

ne =2[-f {[Re ¢ (r;0) + [Imc (r:8)]2 — [Reca(r) — Re c(r: 6)]Re " (r:6)

~[Imea(r) = Imc(r; 8)|Im " (; e)} dG(r), (3.10)
and by the S.L.L.N., we have
I;(60) =% ElL{60)] =2 [ --- [ 1¢(r:80) 2 dG(r).
The Taylor expansion
I;(65) = I,(80) + (6 — B0) + I1,(80 + €(6 — 60))

implies

- /2
n'’2(8, — 6y) = — n I".(e") 3 N(O, W’), (3.11)
I(6 + €(6n — o))

where

W2 = 2 .
[ T1e(ri 8P dG(r) P

This is the result of the asymptotic normality. W

(3.12)
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Chapter 2

ESTIMATION OF LINEAR TIME SERIES MODELS VIA
EMPIRICAL CHARACTERISTIC FUNCTION

2.1 Introduction

In this chapter, we will apply the ECF method proposed in Chapter 1 to estimate
the Gaussian ARMA models, and examine the finite sample properties of the ECF
method and compare it to the traditional estimation methods such as the maximum
likelihood (ML) method and the conditional maximum likelihood (CML) method.
The conclusion is that the ECF method can work as well as the maximum likelihood
method and outperform the conditional maximum likelihood method. In Section 2.2
we review the traditional estimation methods for the Gaussian ARMA models. In
Section 2.3 we use the ECF method to estimate the Gaussian ARMA models. To use
the ECF method most efficiently, the optimal weights and estimating equations for
the Gaussian ARMA model are derived in this section. Section 2.4 performs Monte
Carlo studies and compares the finite sample properties of the ECF method with the

those of the traditional estimation methods.

2.2 Review of Estimation of Gaussian ARMA Models

Consider the Gaussian ARMA(/, m) model,

Yi=pYiar+--+pYiatee—d1E-1 — 0 — OmEt—1-m, (2.1)
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where £, ~ 1.1.d.N(0,0?). Let @ = (02,01, -, 1,01, -, Pm)’ denote the population
parameters to be estimated. {y,, ..., yr} is a realization. Three facts about the Gaus-
sian ARMA(/, m) model are reviewed here. Firstly, some assumptions are needed
for the stationary property of the model. For example, If |¢;]| < 1, the ARMA(1,0)
model (i.e., the AR(1) model) is stationary. In this chapter we assume all the series
to be stationary. Secondly, the stationary Gaussian ARMA models satisfy the p mix-
ing condition. Finally, the maximum likelihood approach provides the most efficient
estimators, at least asymptotically. Denote the covariance matrix of y = (y1, ..., y1)

by o?®r, 7. It is straightforward to obtain the log likelihood function,

o
V)
N’

— T 1 T 2 1 t/—1L
L(6) = ~37 log(27) — §log|<I>| 5 logo Fy d 'y. (

Maximizing the log likelihood function results in the MLE. Let én be the MLE of
6, then n(6, - 0) 3 N(0,17'(8)), where I~(0) is the Cramér-Rao lower bound.
Hence the MLE is asymptotically most efficient. Unfortunately, in practice the max-
imum likelihood approach by the use of inverting the covariance matrix is not always
feasible, or is feasible but numerically not efficient. Consequently a state space rep-
resentation of likelihood and then the Kalman Filter technique could be used. See
Hamilton (1994) for more references. Alternatively, in this section we discuss three
Gaussian ARMA models, only two of which can be easily estimated by the full max-

imum likelihood method via inversion the covariance matrix.

2.2.1 MA(1) Model

Consider the Gaussian MA(1) model

Y, =€ — ¢ee, (2.3)
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where ¢, ~ 1.1.d.N(0,0?%), and @ = (02, ¢) is the population parameter. For the

MA(1) model, we can write $ as,

1+¢> —¢ o --- 0

) 1 + ¢? —¢ 0

0 - 1+¢* --- 0 : (2.4)
0 0 0 - 1+¢?

Whittle (1983) has presented the exact inverse of ®. The (j, k)** element of ®~! is

given by
(¢—j—l _ ¢j+l)(¢—T+k _ ¢T—k)
¢(¢—1 _ ¢)(¢—T—l _ ¢T+l) !
where £ = 0,1,...,T -1, and 7 = 0,1, ...,k — 1. Furthermore the determinant of &

(2.5)

can be expressed as

1 — ¢‘2(T+l)

B =1+¢*+¢* + ...+ 0 = (2.6)

1—¢?
Even though an analytical solution for maximizing the exact likelihood function (2.2)
is not readily found, it is straightforward to maximize it numerically given (2.4) and
(2.5) and leads to the MLE. It should be noted, however, the exact inverse of &
is complicated for high-order moving-average models. Because the exact likelihood
function is computationally expensive to evaluate for high-order MA processes, in
practice the conditional likelihood function is maximized instead. We review this
approach for the MA(1) model in detail.

If the value of ,_, were known with certainty, then
Yileem1 ~ N(¢ee—1,0?). (2.7)

If the initial value of g is set to be the expected value, i.e., g = 0, the conditional

likelihood function can be obtained by

Iy Yileo=0(Ues - - -, Y1) = frijeo=o (Y1) =2 frijeco, (YelEe-1), (2.8)
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where the sequence {e;,---,er} can be calculated from {y,,---,yr} by the following

iterative formula
€0 =Yt — OY—1 + Y2 + - - + (=1) "y + (—1)''e,. (2.9)

In this thesis the resulting estimator by maximizing the conditional likelihood such
as (2.8) is labeled “conditional maximum likelihood estimator (CMLE)”.

Note that the effect of imposing € = 0 will quickly die out when || is sub-
stantially less than unity, thus equation (2.8) will give a good approximation to the

unconditional likelihood for a reasonably large sample size.
2.2.2 AR(1) Model
Consider the Gaussian AR(1) model
Y = pYeo1 — &, (2.10)

where €, ~ 1...d.N(0,0?), and @ = (02, p) is the population parameter. For the AR(1)

model, we can write ¢ as,

1 p p2 pT—l
. p p pT-2
-1 B R Gl (2.11)
pT-1 pT-2 pT-3 1
The exact inverse of & is
(1 5 0o -0 0 0]
—p 1l+p* —p --- 0 0 0
0 —p 1+p% - 0 0 0
P P (2.12)
0 0 0 —p 1+p* —p
00 0 0 -p 1
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And the determinant of ® is
1

1— 2

Consider the first order conditions of maximizing (2.2) using (2.12) and (2.13). If we

(2.13)

|®| =

concentrate out o2, we have the following estimating equation for p,

T—-1
0 = 2p(yi+y3)+20(T+1+(1-T)p") >y}
t=1
T-1
—(4p* — 2T + 2Tp?) Z YelYes1- (2.14)

t=1
The real root of the above cubic equation leads to the MLE of p.

The CMLE of p for the AR(1) model can be obtained by

max fYr,...,YzlYl (ytv cey y2)

The procedure is equivalent to the OLS, i.e.,
T
min 3" (e — pye-1)?. (2.15)
t=2

Since the first observation in the OLS procedure is ignored, the finite sample prop-
erties of the MLE must be at least as good than those of the CMLE. However, if the
sample size T is sufficiently large, the first observation makes a negligible contribution
to the total likelihood. The MLE and the CMLE turn out to have the same large
sample properties. Because the CMLE yields an analytical form for the estimators,

it is used often in application when T is large.

2.2.3 Gaussian ARMA(1,1) Model

Consider the Gaussian ARMA(1, 1) model

Yi=pYi1 + & — dErr (2.16)
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where ¢, ~ i.i.d.N(0,0?), and @ = (02, p, ¢) is the population parameter. For the

Gaussian ARMA(1, 1) model, we can write P as,

[ 1+¢2—2p6 p(1+4%=2p9) pT- ' (149%=200) _ T-2. |
1—p 1-p - ¢ ot I-p iy (o}
p(1+¢2—2p9) p(1+¢%—2p0) T2 (1+¢%-2p0) T—3
1-p2 - ¢ 1—p2 - ¢ T 1—p2 —pP ¢
o7 " (1+¢%—2p0) T-2, pT-2(1+¢*-2p9) T-3 1+¢2 —2po
| 1—p2 - p [ T—p2 - p o --- _%P"

The AR(1) and the MA(1) are two special cases of the Gaussian ARMA(1, 1) with
¢ = 0 and p = 0 respectively. However, for general (p, ¢), there is no closed form
for the inverse of ®. Inverting this T x T matrix is time consuming when T is large,
hence implementation of maximum likelihood method is time consuming for a large
T. Because of the difficulties involved in calculating the exact likelihood function,
in practice the conditional likelihood function is maximized instead. We present the
method in detail.

It is common to obtain the conditional likelihood function conditions on both y
and . One option is to set initial y and € equal to their expected value. That is.

yo = 0 and €y = 0. The conditional likelihood function can be obtained by

[,(0) = fYr.---.Yllyo=0,Eo=0(yh sy leyO = 0, g = O) (217)
T T g - &2
= —Elog(27r) - Eloga - ; 957"
where the sequence {g),---,er} can be calculated from the realization {y,---,yr}

by the following iterative formula
€t = Yt — PYt—1 + PE¢—1- (2.18)

Maximizing the conditional likelihood leads to the CMLE and the procedure is asymp-
totically equivalent to maximizing the exact likelihood because the initial conditions

have negligible effect to the total likelihood when the sample size is very large.
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2.3 Estimation of Gaussian ARMA Models Via ECF

As we point out in Chapter 1, to apply the ECF method to estimate a time-series
model, both p and the weight function G(7) need to be specified. Regarding the choice
of p, we know that the moving blocks with larger p retain more information and hence
the ECF method can work better. Regarding the weight function, we can choose it
to be a step function, as Knight and Satchell (1996) proposed. Furthermore, we can
choose any other weight function. As long as the regularity conditions in Chapter
1 hold, the resulting estimators are strongly consistent and asymptotically normally
distributed. Consequently, three alternative weight functions are considered in this
chapter to estimate the Gaussian ARMA models. The simplest one is to choose g(r)
to be 1 in Equation (3.2) of Chapter 1 and is indeed the OLS-CECF method. We use
the WLS-CECF method by choosing g(r) = exp(—ar’r), where a is a non-negative
constant. The exponential function is chosen for two reasons. First. it is a general-
ization of the weight proposed by Paulson et al (1975) and put more weight on the
interval around the origin, consistent with the theory that the CF contains the most
information around the origin. The second reason is for computational convenience.
By choosing the exponential weight for the ECF method in Gaussian ARMA models,
we can obtain the closed form expression for I,,(6) given by Equation (3.2) in Chapter
1. In fact the OLS-CECEF is a particular case of the WLS-CECF. We can show that
for any exponential weight function g(r) and any p, the assumptions in Chapter 1
hold for stationary Gaussian ARMA models. Therefore, the ECF estimators based
on any exponential weight are strongly consistent and asymptotically normally dis-
tributed. The following theorem states that there is closed form expression for I,,(6)

for any stationary Gaussian ARMA model with any value of p.

Theorem 2.3.1 If {yi,...,yr} is a finite realization of the Gaussian ARMA model
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defined by (2.16) with x;, c(r; @) and c,(r) defined as before, there ezits a closed form

function to represent the following integral

[+ [lea(r) = e(r:6) exp(~ar'r) dr,
and the ezpression for this function is given in Appendiz A.

Proof: See Appendix A.

We also choose wg(r) in Equation (3.3) of Chapter 1 to be

dlo v s Yjp—
)P+l/ /exp(—'l?' mJ) gf(yJ+P|yJ y]+p l) dy] L. dyj+P- (3-1)
After solving the following estimating equation

Jen(r)wg(r) dr =0, (3.2)

we get the GLS-CECF estimator which is an efficient estimator provided p is large
enough in the sense that the resulting estimator can achieve the Cramér-Rao lower
bound; See Feuerverger and McDunnough (1981b). To obtain the more efficient ECF
estimator, in Theorem 2.3.2 we derive the optimal weight functions and the estimating
equations of the GLS-CECF method for a general Gaussian ARMA(/, m) model with

any value of p.

Theorem 2.3.2 Assume {y1,¥2,...,yr} to be a finite realization of the Gaussian
ARMA model defined by (2.16) with @ = (02,p) = (6%, 1,1 1, D1, Om)- Tj,
c(r; 0) and c,(7) are defined as before. Suppose the conditional density of yj+ply;. - . -,

Yj+p—1 could be expressed as

Ws+altss - -+ Yisp—1) ~ N (f1(0)y; + - + fo(P)Ys4-1,9°9(P)) ,
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where g(p), fi(p), -~ fo(p) € C'. Let

[ e h@RE) - L@ ~f) )
fa(p) f1(p) f2(p) <o fa(p)fo-1(pP) —fa(p)
A= : : : : : (3.3)
fo-1(B) f1(P) fo-1(P)fa(P) ---  fioilP)  —fo-1(P)
. A R =fele) 1
and
B[ = %
Biym = %

Furthermore, let MAM', HLA\H{,- -, HymAixmH],,, be the eigenvalue decomposi-
tion of A, By, - -+, Bi4m respectively. Hence, M, H,,---,H;,m are orthonormal matri-
ces and A, \y, - - -, Airm are diagonal matrices with the eigenvalues of A. By, -+ . Biym

respectively. Define

(A' 0 0 - 0 )

0 X2 0 --- 0
A._—' ]
L0 0 0 - )

and

(A 00 - 0 )

0 X2 0 - 0

Ax = B
\ 0 OO---/\i“)

for k=1,---,l+ m. Then the optimal weight functions are

werlr) = —5gd(r) -6 (3.4)
1

~ 20%(p)

+APHIS(sY) - - 6(sP)8" (7)),

[’\16”(31)5(82) .. -6(3”"'1) R
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and

wp, () = —3RENS(r) -8 (3.5

9x(p) L 1 2 pHly o ..
_Wp_)[’\k‘s (s')d(s%) ---6(sP*) +

+AFTE(s") - 6(s)8" (7))
1

el

YA IR CALUCAnlE

AR8" (8R)8(85) - - 6(tF™) + - -

where (81, Sp+1) = M'r and (t},---, 87" = Hyr withk = 1,--- .l + m. The
delta function is the Dirac delta function defined as in Chapter I and g is the partial

derivative of g(p) with respect to p,. And the estimating equations are,

2 _ P(P)

” = ) (36)
g(p) _ _gk(p) 3 3 (n) — 37
20(0) ~ 207070 ) 2579(p) P T -7

where

= L IOz -+ O ),
and
Qule) = 5 S OMH ) + -+ 7 (Hi, ) pon)).
with k =1,---,0l +m. Combine (3.6) and (3.7) we have

Q1(p)
Q (p)

0
0

{ Ql-(-m(p) = 0.

which determine the estimators of p. The estimator of o® can be easily found by

substituting the estimators of p back into the equation (3.6).
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Proof: See Appendix B.

Two examples are illustrated for the implementation of Theorem (2.3.2). For the

MA (1) model defined by (2.3), if we choose p = 1, we have

Yyi+1ly; ~ —1+¢2yjy0 —W .
Hence,
_¢* _ _o_
A = (1+¢2)2  1+¢2
) 1 !
1+¢2
2¢(1-9¢?) 1-¢2
B = | (+&#)P (1+e72
1-@2 ’
(1+¢2) 0
and
1+ + 4!

Let Al, A2 be two eigenvalue-values of B, we have

¢_¢5+\/1+2¢2_¢4_6¢6_¢8+3¢10+¢12

L _
A= 1+ 4¢2 + 6¢* + 4¢° + ¢°

and

\/1 + 2¢2 ¢4 — 6¢6 ¢8 + 3¢10 + (DIZ

2 _
Al 1+ 4¢2 + 60* + 4¢5 + ¢8

The estimating equation for ¢ is,

n 1 (1+¢%* 1+
- ot
+Al+ A%)yj+l}- (3.9)
The estimating equation for o2 is,
l e ¢yj + (1 + ¢2 y]+l]2 1
n 2 L+ P+ P + 6 (310
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In the second example we choose p = 1 for the AR(1) model which is defined by

the equation (2.10). In this example,

Yierly; ~ N (py;,0%) -

Hence,

and

The estimating equation of p is,
n n
(40° +3p)y} + pyl s +40(1L+ 0% D y2 =2(20° + 1) D viisr- (3.11)
=2 =1
It should be stressed that, different from the discrete ECF method, in the contin-

uous ECF method we do not need to choose the transformation variables, r’s, since

they are simply integrated out.

2.4 Monte Carlo Studies

Up to now, we have reviewed the DECF method proposed by Knight and Satchell
(1996) and proposed the OLS-CECF method, the WLS-CECF method, and the GLS-
CECF method. Although Knight and Satchell (1996) estimate an MA(1) model by
using the DECF method, the step function is arbitrarily chosen and hence the weight
is not necessarily the best. In fact, the multi-step procedure they propose has not
been used to estimate a stationary time series model in practice.

In this section Monte Carlo studies are designed to compare the ECF estimator
with the MLE for the MA(1) model and the AR(1) model, and with the CMLE for
the Gaussian ARMA(1, 1) model.
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The first experiment involves 1,000 replications of generated data from an MA(1)
model with ¢ = 0.6, 02 = 1.0 and the number of observations set at 7 = 100. To use
the DECF proposed by Knight and Satchell (1996), one has to determine the value
of p, the value of g, and the criterion to obtain the optimal »y,---,7,. In this Monte
Carlo study we choose p to be 2 since the autocovariances are zero in an MA(1) for lags
greater than one and g to be 3 to guarantee that the number of elements in the vector
V. and V" is larger than the number of parameters. In this multi-parameter case,
we choose the criterion function in two ways, i.e., minimizing the determinant of the
asymptotic covariance matrix and minimizing the trace of the asymptotic covariance
matrix. Without further restriction on r’s, unfortunately, the minimization problem
for obtaining optimal r’s has 15 dimensions and hence is numerically very expensive.
To simplify the matter and also for r’s to be sufficiently fine and extended we have
chosen r’s in many ways. For example, we choose them in the following two ways.

~ -

—4r -2t -7t 0 271
r=|-3r -t 0 71 3r]|. (4.1)
=2t 0 T 2T 47

or

—6r =37 -1t T 47
r=| 57 —27 0 2r 57 |, (4.2)

—4r -7 1 37 67

where the behavior of r’s is determined by only one parameter, i.e., 7.

By plotting the criterion function against 7, we find that two criterion functions
with any one of two choices of r’s are smooth and unimodal. This observation con-
vinces us that the global minimization can be obtained numerically in all the cases.

In Table 2.1 we report the results from all four procedures of the DECF method.
In ¢(1), r’s are chosen to be (4.1) and the criterion function to be the determinant

of the asymptotic covariance. In c¢(2) r’s are chosen to be (4.1) and the criterion

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

function to be the trace of the asymptotic covariance. In c¢(3) r’s are chosen to be
(4.2) and the criterion function to be the determinant of the asymptotic covariance.
In c(4), r's are chosen to be (4.2) and the criterion function to be the trace of the
asymptotic covariance. The exact MLE is presented as well.

By allowing two parameters in r’s, we choose r’s to be,

[ T =21 T —Tp, —T| —-Ti+Tp —-T+2n ]
r= —27 —Ta 0 T2 27 (4'3)
| - 21 L — T2 I T + T T + 27, ]
or i A
-1 =3, —-T1—Tp —T} —T1+T —-T1+3n
r= —37 —Ty 0 T2 37 (4'4)
| - 31, T — T T TI+T T1+3n

By plotting the criterion function against 7y, 7, we find that two criterion func-
tions with any one of two choices of r’s are smooth and unimodal. This observation
convinces us that the global minimization can be obtained numerically in all the cases.

In Table 2.2 we report the results from all four procedures of the DECF method.
In ¢(1), r’s are chosen to be (4.3) and the criterion function to be the determinant
of the asymptotic covariance. In ¢(2) r’s are chosen to be (4.3) and the criterion
function to be the trace of the asymptotic covariance. In ¢(3) r’s are chosen to be
(4.4) and the criterion function to be the determinant of the asymptotic covariance.
In c(4), r’s are chosen to be (4.4) and the criterion function to be the trace of the
asymptotic covariance. The exact MLE is presented as well.

A detailed examination of Table 2.1 and 2.2 reveals that the DECF estimates ap-
pear not to be much effected by the way of choosing r’s, the criterion and how many
parameters in r’s. Furthermore, although the DECF estimates is a viable alternative
to the MLE, the finite sample properties of the DECF estimates are dominated by

those of the MLE. For instance, the variance of the DECF estimate of ¢ is at least
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three times larger than that of the MLE of ¢. With one parameter allowed in 7’s, the
averages of the optimal 7 are 0.8, 0.59, 0.89, and 0.66 respectively. With two param-
eters allowed in r’s, the averages of the optimal (1, 73) are (0.63,1.16), (0.63,0.45),
(0.84,0.88), and (0.55,0.21) respectively. All these numbers are small. The finding
is consistent with the theory that the CF contains the most information around the
origin.

To use the CECF method proposed in Chapter 1, one needs to determine the
value of p and the weight function. For all the cases we first choose p to be 2. Table
2.3 reports the results from the CECF method. In ¢(1), the OLS-CECF is used. In
c(2), the WLS-CECF with the weight exp(—187'r) is used. In ¢(3), the WLS-CECF
with the weight exp(—r'r) is used. In c(4), the GLS-CECF with the optimal weight
is used. The MLE is also reported for comparison.

From Table 2.3 it appears that both the OLS-CECF and the WLS-CECF are
dominated by the GLS-CECF and MLE. The MLE performs better than the GLS.
This finding suggests that p = 2 is not large enough for the moving blocks to retain
the most information in the original sequence. Comparing Table 2.3 with Table 2.1
and 2.2 we note that there is a clear improvement over the DECF by using the GLS-
CECF in terms of the mean square error, although the approach of choosing r’s
discretely is proposed by Knight and Satchell (1996), Quandt and Ramsey (1978),
Schmidt (1982), and Tran (1994).

In Table 2.4 we report the estimates of ¢ by using the GLS-CECF method, how-
ever, the value of p has been increased to be 3,4,---,10. As we argued before, as p
gets larger and larger, the asymptotic variance of the GLS-CECF estimators is getting
closer and closer to that of the MLE which achieves the Cramér-Rao lower bound.
Therefore, we should expect a larger p works better. This is confirmed by Table 2.4.

From Table 2.4, however, we note that the GLS-CECF method with a small p can
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work quit well. For example, when comparing the GLS-CECF estimates with p = 6
and the MLE’s, we note that the GLS-CECF method performs as well as the MLE.
The variance and the skewness of them are almost identical, but the GLS-CECF pro-
vides a mean and median which are slightly closer to the true parameter value. Also
see Figure 2.1.

The second experiment involves 1,000 replications of generated data from an
MA(1) model with ¢ = 0.6, 0 = 1.0 and the number of observations set at T = 1, 000.
This experiment is designed to demonstrate that with a small p both the OLS-CECF
and the WLS-CECF method work well when we have a large number of observations.
Table 2.5 reports the estimates of ¢. In c(1), the OLS-CECF with p = 1 is used.
In ¢(2), the WLS-CECF with the weight exp(—r'r) and p = 1 is used. In c(3), the
OLS-CECF with p = 2 is used. In c(4), the WLS-CECF with the weight exp(—7'r)
and p = 2 is used. In c(5), the OLS-CECF with p = 3 is used. In ¢(6), the WLS-
CECF with the weight exp(—7'r) and p = 3 is used. As we expect, with everything
else being equal, the larger the value of p, the better the performance of the resulting
estimates. Also the WLS-CECF performs slightly better than the OLS-CECF. Fur-
thermore, p = 2 is large enough to confirm the viability of the OLS-CECF and the
WLS-CECF method.

The third experiment involves 1,000 replications of generated data from an AR(1)
model with p = 0.6, 02 = 1.0 and the number of observation set at T = 100. With
p = 1 the GLS-CECF method is used to estimate the AR(1) model and compared
with the maximum likelihood method presented in Section 2.2. See Table 2.6, Figure
2.2 and Figure 2.3. Interestingly, two approaches provide almost identical results.

The results can be explained by the Markov property of the AR(1) model. Since the
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joint density of the AR(1) model for a length T has the following property
f(z1, 22, - z7) = fl@) oo f (z;]z;-1),

it is not surprising that one-period-overlapping blocks can preserve all the information
in the original sequence.

The fourth experiment involves 1,000 replications of generated data from an AR(1)
model with p = 0.6, 02 = 1.0 and the number of observations set at 7 = 1, 000. This
experiment is designed to demonstrate that with a small p both the OLS-CECF and
the WLS-CECF method work well when we have a large number of observations.
Table 2.7 reports the ECF estimates of p. In c(1), the OLS-CECF with p = 1 is
used. In c¢(2), the WLS-CECF with the weight exp(—r'r) and p = 1 is used. In
c(3), the OLS-CECF with p = 2 is used. In c(4), the WLS-CECF with the weight
exp(—7'r) and p = 2 is used. Note that there is no clear improvement by increasing p
from 1 to 2. The finding can still be explained by the Markov property of the AR(1)
model. The advantage of using the WLS-CECF method is clear and the viability of
the OLS-CECF and the WLS-CECF method is confirmed.

The fifth experiment involves 1,000 replications of generated data from a Gaussian
ARMA(1,1) model with —¢ = p = 0.6, 62 = 1.0 and the number of observations set
at T = 100. It is easy to show that the inverse of ¢ for the ARMA(1,1) model has
no closed form even for ¢ = p. Consequently, this experiment is designed to compare
the performance of the GLS-CECF estimate with that of the CMLE presented in
Section 2.2. Table 2.8 and Figure 2.4 report the results where in the GLS-CECF
methods we choose p = 2, 3. Theoretically, the asymptotic variance of both the
GLS-CECF estimate and the CMLE would converge to that of the MLE. In terms
of the finite sample properties, from the Table 2.8, we note that the GLS-CECF

estimate is clearly a viable alternative to the CMLE. For example, there appears a
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trade-off between the GLS-CECF estimates with p = 2 and the CMLE’s. The mean
and median of the GLS-CECF estimates are closer to the true parameter value and
the GLS-CECF estimates are less skewed than the CMLE’s while the variance of the
GLS-CECF estimates is larger. However, comparing the GLS-CECF estimates with
p = 3 to the CMLE’s, we note that the variance and mean square error are almost
identical, whereas the GLS-CECF estimates clearly dominate the CMLE'’s in terms of
the other statistics. For instance, the GLS-CECF estimates with p = 3 have a mean
and median which are closer to the true parameter value and show less skewness.

The findings can be explained as follows. If p is large enough, all the information
in the original series. Theoretically, therefore, the GLS-CECF method results in
an estimator which is asymptotically equivalent to the MLE. Furthermore, when
T — oo both estimators can achieve the Cramér-Rao lower bound. However, p does
not necessarily to be too large in practice. A much smaller p sometimes provides good
finite sample properties. On the other hand, some initial conditions must be assumed
in order to obtain the CMLE. If the initial condition has an error, it is carried over
into all the following stages by the recursive formula such as (2.18). Of course, the
effect of such an error will diminish for the stationary processes and thus the CMLE
is asymptotically equivalent to the MLE. However, the effect may not be negligible
for a small number of observations.

The sixth experiment involves 1,000 replications of generated data from a Gaussian
ARMA(1,1) model with —¢ = p = 0.6, 62 = 1.0 and the number of observations set
at T = 1000. This experiment is designed to demonstrate that with a small p both
the OLS-CECF and the WLS-CECF method work well when we have a large number
of observations. Table 2.9 reports the estimates of p. In c(1), the OLS-CECF with
p = 1is used. In ¢(2), the WLS-CECF with the weight exp(—7'r) and p = 1 is used.

In ¢(3) the OLS-CECF with p = 2 is used. In c(4), the WLS-CECF with the weight
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exp(—r'r) and p = 2 is used. In ¢(5), the OLS-CECF with p = 3 is used. In ¢(6),
the WLS-CECF with the weight exp(—7'r) and p = 3 is used. All cases confirm the
viability of the OLS-CECF and the WLS-CECF method.

The seventh experiment involves 1,000 replications of generated data from a Gaus-
sian ARMA(1, 1) model with —¢ = p = 0.9, 0® = 1.0 and the number of observations
set at T = 100. This experiment is designed to compare the performance of the
GLS-CECF method with that of the CMLE presented in Section 2.2. Table 2.10 and
Figure 2.5 report the results where we choose p = 2, 3 for the GLS-CECF method.
Compared with the sequences generated in the fifth experiment, the sequences in this
experiment have much longer memory. Consequently, the finite sample properties of
both the CMLE and GLS-CECF will be affected. From Table 2.8, however, we note
that the effect on the ECF method is smaller than that on the CMLE. For example,
the ECF estimates for both p = 2 and p = 3 perform better than the CMLE’s. The
bias, the variance and the mean square error of the ECF estimates are smaller.

The advantages of using the ECF method are the following. Firstly, all the ECF
methods presented in Section 2.3 do not require the calculation of the inverse of
a T x T matrix. For most stationary processes, however, in order to use the full
maximum likelihood estimation method, such inversion is needed but is infeasible
in some situations. Secondly, implementation of the full maximum likelihood may
require the closed form and boundness for the likelihood. No such requirement is
needed for the DECF method, the OLS-CECF method, and the WLS-CECF method.
Instead, the CF must have a tractable form. Such examples are listed in Chapter 1.
Finally, even for the linear stationary processes such as the MA(1) model whose
covariance matrix can be inverted analytically, the full maximum likelihood method
is more computationally intensive than the GLS-CECF method. This is because the

former method has to deal with a T x T matrix, while only a (p+1) x (p + 1) matrix
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is required in the latter case.
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Appendix A
Proof of Theorem 2.3.1
For any p, define z; = (y;,- - -, Yj+p)"-

Let 02®(,+1)x(p+1) be the covariance matrix of x;, then we have

/ /Ic,,(r - ¢(r)|?* exp(—ar'r)dr
/ / —¢(r))(Ca(r) — &(7)) exp(—ar'r) dr
= // [gg exp(ir'z;) —exp(—%zr'q)r)]

n

1 2
[— z exp(—ir'z;) — exp(—%—r'@r)] exp(—ar'r)dr

= n—lz-glg/---/exp(ir':z:,—)exp(z’r’zk) (A.1)
i/ /exp(zr z,) exp(—7'Ar) dr

+/---/exp(—r'Br) dr

where 4 = "2—2<I>+a x I and B = 02® +a x [ with I as an identity matrix . Note that
the first part in the above equation is a constant with respect to 8. Let 4 = C~1L.

Considering the characteristic function of a random variable N (0, 1C), we have

1, _y exp(—3'(§)'r) .
exp(—zz,- Czj) =/---/exp(zzj 1')(2 )P+l)/2[C|‘/2(1/2 p+l)/2dr' (A.2)

Thus the second part in (A.1) is,

/---/exp(ir’:z:,-)exp(—r’Ar) dr
1
= (2m)PHI/2| 4| ~3 2~ P+ 1)/2 exp(~3;' A7 z;)

= 7r2;—l|A|‘% exp(—%zj'A—lmj). (A.3)
Similarly, for the third part in (A4.1) we have

/- . -/exp(—r'Br) dr = Tryz:‘llBl’%. (A4)
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Substituting (A.2), (A.3) and (A.4) into (A.1), we have

2 n
I.(0) = constant — —Tzfr%llAl‘% Zexp(—%mj’A“‘mj) +7%|BI":. A
Jj=1
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Appendix B

Proof of Theorem 2.3.2

Wspl¥is - -2 Yiep-1) ~ N (fu(D)y; + - - + fo(P)¥jp-1.5%a(p))

implies

L
z; Az,

1 1 1 1
log f(yj4plyss- - - Ys+p-1) = —5 log2m — S logo® — S log g(p) — 2529(p)

where A is defined in Theorem (2.3.2). If we take the derivative of the log conditional
density function with respect to the parameters, we have

alogf(yj+llij---wyj+p—l) = 1 + 1 !
do2 202~ 20g(p)” 7"

and

dlog f(yj+1l¥js- - -+ Yjap—-1) 9(p) g(p) 1 ,
= - Ax; —~ ———zBiz;,
9p; 29(p) = 202g%(p) 777 20%g(p)

where gr and By with £ = 1,---,/ + m are defined in Theorem (2.3.2). Then the

optimal weight function could be

1 '
wya(r) = pH/ /"XP(_”' mJ)( 20.49( ):DAmJ) dy; - - dy;+p
1
- —-2?5(r1)---6(r"+1) " )(5;)1”1 / / exp(—ir'z;)T, Az,
dy; - - - dYj+p- (B.1)
Consider

1 -
(2_1r)p+l / .. ./exp(—l‘l‘ a:j):l!;A:Bj dyj te dyj+p
(51_;;)?'*'1/.../exp(—if".’l:j):l!;-MAA/I,mj dy; - - dyj4p

= (i)”“/---/exp(—is'z)z’Azdzl---d22
p+l1 p+1

= "“/ /exp( Zzs Zk) Z/\k dz; -+ -dzpy
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= (2—17r-)"+1/exp(—islzl)/\lzf dz [] {/exp(—-is"zk) dzk} +---

k#1
1
—yptl —4gPt! p+1.,2 .k
#gpPt [ eplois o)t depn TT {Jemt-ista da)
—= —/\1(5”(31)5(32) .. 6(Sp+l) — . /\p+15(sl) .. -5(Sp)5"(sp+l),

where M and A are defined in Theorem (2.3.2), z = M'z; and s = M'r. Hence,

(B.1) becomes

we(r) = =g 5b(r!)-- 87 (B.2)
_204;(40)[/\ §"(s")8(s%) - 8(sPH!) + -+ + APHIE(s1) - - 8(55)0" (sp41)],

and

wp () = "“/ [ i) (= 5o + gy eiAe

! Bsz) dy; - - dysep

2_52'9_(_)
= gk((p))a( Ly...§(rP¥Y) (B.3)
~5org%0) ;’;(Z [AL8"(s1)8(s%) - - - 6(sPHL) + - - + APFLE(sY) - - - (sP) 8" (sPFY)]
+2j‘—2-lg—(p—)[/\k5” te)O(tg) - 8(ER ") + -+ ATTIA(8g) - - - 5 (R) 8" ()],

where t, = Hyr for k=1,---,l+ m.

Therefore, based on the optimal weight functions, the estimating equations are

0 = /---/wgz(r)c,.(r) dr

1 . 1 ., N
- //{ = 550(r!) -8 - 204—9“,)[,\15 (s1)8(s?) - - - 6(sP*Y)
b+ APHIS(sY) - -5(sp)5"(sv+1)]}c,.(r) dr

= —2}7%(0) — // [,\15"(31)5(32),,_6(Sp+1)

204g(p)
b APPIE(sY) - -a(sv)a"(sv“)]c,,(r) dr
1 1 8%ca (M s) 0%cn (M s)
= - — ,\l . /\P'H-_— ]
202 20%g(p) [ ds'*  |s=0 oo dsP+12 |g=0
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1 1 1

= - A 2 PO+ )]

20“9(9)
= —2;2 + 204;(1)) P(p),
where
)= 5 3 PO )0+ O ),
and

0 = /-u/wpk(r)cn(r)d'r
- ] {- 2o

202

e [Aka"(tk YA 6(tz+‘)+---+Az+‘6(tL) 88" ()
_o(p) | g(p) 5

o)+ 2 PO~ 2rgipy O

where

Qk(p) = L

3 |

Z ’\k Hka (1)) +-o-+ /\ZH((HI::B;)(;:H))Z),
Jj=1

———g"(") FA"(s1)8(5%) - 8(s7F) -+ MHE(sY) - (78" (7))

with £ = 1,---,/+m. If concentrating out o2 in (B.4) and (B.5), we have (3.8).
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TRUE VALUES OF PARAMETERS ¢ =0.6 02 =1

-0.10
—-0.09
—0.08

INITIAL VALUE OF 7 0.5

—0.05
—-0.04 0.00 0.04 0.09
-0.03 0.01

INITIAL VALUES OF VECTORS r

-0.01 0.03 0.08

0.05 0.10

NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=100

42

®»=0.6 0?2 =1.0

c(1) | c(2) | ¢@3) | c(4) | MLE | ¢(1) | c(2) | c(3) | c(4) | MLE

MEAN | .5963 | .5913 | .5838 | .5814 | .6032 | .9806 | .9753 | .9945 | .9829 | .9922
MED | .5730 | .5388 | .5456 | .5243 | .6026 | .9728 | .9541 | 1.006 | .9605 | .9838
MIN | .2739 | .1876 | .2163 | .0371 | .3472 | .4526 | .6086 | .4358 | .6125 | .6411
MAX | 1.00 { 1.00 | 1.00 | 1.00 | .8758 | 1.455 | 1.528 | 1.53 | 1.5369 | 1.466
SKEW | .6886 | .6115 | .5344 | .2771 | .0371 | -.142 | .0045 | .4733 | .4108 | .2940
KURT | 2.62 | 254 | 241 | 2.29 | 3.13 | 2.81 | 2.73 | 2.79 | 2.67 | 3.01
VAR | .043 | .0487 | .0486 | .0667 | .007 | .0406 | .0364 | .0507 | .0454 | .0196
BIAS | .0037 | .0087 | .0162 | .0186 | .0032 | .0394 | .0247 | .0055 | .0171 | .0078
MSE | .043 | .0487 | .0489 | .0671 | .007 | .0421 | .037 | .0507 | .0457 | .0197

Table 2.1: Monte Carlo Comparison of DECF and MLE for an

MA(1) Model When r’s Depends on Only One Variable
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TRUE VALUES OF PARAMETERS ¢ =0.6 62 =1

INITIAL VALUES OF VECTORS r

INITIAL VALUES OF , AND 7,: 0.50.5

—-0.10
—0.09
—0.08

—0.05
-0.04 0.00
-0.03 0.01

-0.01 0.03 0.08
0.04 0.09
0.05 0.10

NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=100

43

$»=0.6 2=1.0
c(l) | c(2) | c(3) | c(4) | MLE | c(1) | c(2) | c(3) | c(4) | MLE
MEAN | .5961 | .5858 | .5900 | .5920 | .6032 | .9776 | .9869 | .9963 | .9850 | .9922
MED | .5466 | .5672 | .5824 | .5736 | .6026 | .9409 | 1.000 | .9919 | .9714 | .9838
MIN | .2401 | .2233 | .2283 | .3206 | .3472 | .5919 | .5775 | .4313 | .5918 | .6411
MAX | 1.00 1.00 | 1.00 | 1.00 | .8758 | 1.502 | 1.389 | 1.438 | 1.375 | 1.466
SKEW | .5852 | .6262 | .6047 | .7664 | .0371 | .4116 | -.192 | .0342 | .2586 | .2940
KURT | 2.55 237 | 294 | 3.21 | 3.13 | 277 | 262 | 2.75 | 2.63 | 3.01
VAR | .04096 | .0308 | .0500 { .0271 | .007 | .0409 | .0269 | .0440 | .0252 | .0196
BIAS | .0039 | .0142 | .0100 | .0080 | .0032 | .0224 | .0131 | .0037 | .0150 | .0078
MSE | .04100 | .0310 | .0501 | .0272 | .007 | .0415 | .0271 | .0440 | .0254 | .0197
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Table 2.2: Monte Carlo Comparison of DECF and MLE for an
MA(1) Model When r’s Depends on Two Variables




TRUE VALUES OF PARAMETERS ¢ =0.6 62 =1
NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=100

INITIAL VALUES OF ¢ AND o2 0.3 0.7

=06
c(l) | c(2) | ¢(3) | c(4) | MLE

MEAN | .6479 | .5981 | .6475 | .6269 | .6032

MED | .6102 | .5325 | .6076 | .5960 | .6026

MIN | .0281 | .1588 | .1508 | .2382 | .3472

MAX { 1.000 | 1.000 | 1.000 | 1.000 | .8758
SKEWNESS | .3798 | .9556 | .4070 | .7960 | .0371

KURTOSIS | 2.917 | 2.749 | 2.134 | 3.244 | 3.126
VAR | .0566 | .04258 | .0456 | .026 | .007

BIAS | .0479 | .0019 | .0475 | .0269 | .0032

MSE | .0589 | .04259 | .0479 | .0268 | .0070

Table 2.3: Monte Carlo Comparison of CECF and MLE for an MA(1) model
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TRUE VALUES OF PARAMETERS ¢ =0.6 02 =1
NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=100

INITIAL VALUES OF ¢ AND ¢2: 0.3 0.7

6 =0.6

p= p= p= p= p=7 p=8 p= p=10 | MLE

MEAN | .6133 | .6061 | .6037 | .6024 | .6028 | .6025 | .6026 | .6023 | .6032
MED | .6011 | .5992 | .6004 | .6009 | .6018 | .6015 | .6006 | .6016 | .6026
MIN | .3138 | .3446 | .3401 | .3493 | .338 | .3441 | .3274 | .323 | .3472
MAX | 1.000 | 1.000 | 1.000 | .8861 | .943 | .9055 | .9002 | .9415 | .8737
SKEW | .8491 | .5473 | .3802 | .0398 | .0253 | -.012 | .0054 | .0693 | .0371
KURT | 4.211 | 4.183 | 3.960 | 3.148 | 3.240 | 3.054 | 3.073 | 3.284 | 3.126
VAR | .015 | .010 | .0085 | .007 | .0075 | .007 | .007 | .0076 | .007
BIAS | .0133 | .0061 | .0037 | .0024 | .0028 | .0025 | .0026 | .0023 | .0032
MSE | .015 | .010 | .0085 | .007 | .0075 | .007 | .007 | .0076 | .0070

Table 2.4: Monte Carlo Comparison of GLS-CECF and MLE for an MA(1) Model
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TRUE VALUES OF PARAMETERS ¢ =0.6 6? =1

NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=1,000

¢ = 0.6

c(l) | c(2) | c(3) | c(4) | c(5) | c(6)
MEAN | .6350 | .6200 | .6128 | .6095 | .6068 | .6072
MED | .6061 | .6045 | .6028 | .6030 | .5994 | .6014

MIN | .3404 | .3007 | .3746 | .4090 | .4104 | .4204

MAX | 1.000 | 1.000 | 1.000 | 1.000 | .9900 | 1.000
SKEWNESS | .9929 | 1.243 | .9365 | .7593 | .6927 | .6765
KURTOSIS | 3.637 5.329 | 4.846 | 4.864 | 4.971
VAR | .0211 | .0101 | .0078 | .0049 | .0049 | .0039

BIAS | .035 | .020 |.0128 | .0095 | .0068 | .0072
MSE | .0223 | .0105 | .0080 | .0050 | .0049 | .0040

(3]
(1]
(3]
—

Table 2.5: Monte Carlo Comparison of OLS-CECF and WLS-CECF
with Different Values of p for an MA(1) Model
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TRUE VALUES OF PARAMETERS p=060%2=1
NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=100

INITIAL VALUES OF p AND 0% 0.3 0.7

p=0.6 o?=1.0
GLS-CECF | MLE | GLS-CECF | MLE
MEAN 0907 .0906 9924 .9923
MED 5957 .5982 .9850 .9838
MIN .2208 .2200 .6425 .6410
MAX 7878 7797 1.443 1.516
SKEWNESS -.4960 -.5190 .2953 3111
KURTOSIS 3.917 3.544 3.021 3.076
VAR .0063 .0063 .0199 .0198
BIAS .0093 .0094 .0076 0077
MSE .0064 .0064 .01999 .01991

Table 2.6: Monte Carlo Comparison of GLS-CECF and MLE for an AR(1) Model
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TRUE VALUES OF PARAMETERS p=0.6 02 =1

NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=1,000

c(1) c(2) c(3) c(4)

MEAN | .5996 | .5997 | .5998 | .6002

MED | .6018 | .6008 | .6025 | .6010

MIN | 4465 | .4693 | .4300 | .4679

MAX | .7051 | .6841 | .7060 | .6885
SKEWNESS | -.3101 | -.2246 | -.3566 | -.1916
KURTOSIS | 3.083 | 3.196 | 3.021 | 3.089
VAR | .00149 | .00092 | .00162 | .0010

BIAS | .0004 | .0003 | .0002 | .0002

MSE | .00149 | .00092 | .00162 | .0010

Table 2.7: Monte Carlo Comparison of OLS-CECF and WLS-CECF
with Different Values of p for an AR(1) Model
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TRUE VALUES OF PARAMETERS —¢=p=060%=1

NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=100

p=20.6
p=2 p=3 | CMLE

MEAN | .5972 .6000 .5895
MED | .5973 .6000 .5909
MIN | .3785 3991 .3491
MAX | .7878 .7681 .7351
SKEWNESS | -.0906 | -.0672 | -.2132
KURTOSIS | 2.991 3.056 3.115
VAR | .003767 | .003060 | .003035
BIAS | .0028 .0000 .0105
MSE | .003775 | .003060 | .003145

Table 2.8: Monte Carlo Comparison of GLS-CECF and MLE for a
Gaussian ARMA(1, 1) Model
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TRUE VALUES OF PARAMETERS —¢=p=0602=1

NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=1000

p=06
c(1) c(2) c(3) c(4) c(3) c(6)

MEAN | .6007 | .6010 | .6012 | .6014 | .6017 | .6019
MED | .6013 | .6007 | .6018 | .6008 | .6017 | .6019
MIN | .4488 | 4841 | .4671 | .4797 | 4777 | 4734

MAX | 7112 | 6902 | .7162 | .7046 | .6993 | .7093
SKEWNESS | -.1993 | -.0829 | -.1067 | -.0844 | -.0802 | -.1047
KURTOSIS | 3.182 | 3.003 | 3.235 | 2.992 | 3.163 | 3.032
VAR | .0014 | .0010 | .0011 | .0012 | .0010 | .0013
BIAS | .0007 { .0010 | .0012 | .0014 | .0017 | .0019
MSE | .0014 | .0010 | .0011 | .0012 | .0010 | .0013

Table 2.9: Monte Carlo Comparison of OLS-CECF and WLS-CECF
with Different Values of p for a Gaussian ARMA(1, 1)
Model
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TRUE VALUES OF PARAMETERS —¢=p=090%=1

NO. OF REPLICATIONS=1,000 NO. OF OBSERVATIONS=100

p=09
p=2 p=3 | CMLE

MEAN | .8846 .8881 .8512
MED | .8904 .8949 .8601
MIN | .6374 .6569 .6015
MAX | .9739 .9820 .9690
SKEWNESS | -.9348 | -.9060 | -.7173
KURTOSIS | 4.307 4.186 3.577
VAR | .002333 | .002315 | .003202
BIAS | .0154 .0119 .0488
MSE | .002571 | .002440 | .005583

Table 2.10: Monte Carlo Comparison of GLS-CECF and MLE for a
Gaussian ARMA(1, 1) Model
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Figure 2.1: Density Function of Estimator of ¢ in an MA(1) Model
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Figure 2.2: Density Function of Estimator of p in an AR(1) Model

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

1.0

0.8

0.6

0.4

0.2

0.0

rho



| «©
| <
| oy
Al
T
o 5
-~ 0
| @
o
| ©
o
| <
L T T T T T o
52 02 Sl 0L S0 00

Figure 2.3: Density Function of Estimator of o2 in an AR(1) Model
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Figure 2.4: Density Function of Estimator of p in a Gaussian ARMA(1,1) Model
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Figure 2.5: Density Function of Estimator of p in a Gaussian ARMA(1,1) Model
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Chapter 3

ESTIMATION OF THE STOCHASTIC VOLATILITY
MODEL VIA EMPIRICAL CHARACTERISTIC
FUNCTION

3.1 Introduction

Modeling the volatility of financial and macroeconomic time series has attracted a
lot of attention since the introduction of autoregressive conditional heteroskedasticity
(ARCH) models (Engle (1982)). A feature of the ARCH type model is that the con-
ditional variance is driven by the past observable variables. As an alternative setup
to the ARCH-type model, the Stochastic Volatility (SV) model is supposed to de-
scribe the financial time series better than the ARCH-type model, since it essentially
involves two noise processes. This added dimension makes the model more flexible,
for example, the SV model can explain not only volatility clustering but also leverage
effects. For further discussion, see Ghysels, Harvey, and Renault (1996) . Unfortu-
nately, the density function for the SV model has no closed form and hence neither
does the likelihood function, even for the simplest version of the SV model. It is a
consequence of this that direct maximum-likelihood estimation is impossible. There-
fore, alternative estimation methods to the maximum likelihood have been proposed
to estimate the SV models, which we discuss next.

Melino and Turnbull (1990) use generalized method of moments (GMM) for the
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discrete SV model. A more efficient GMM is proposed by Andersen and Sorensen
(1993) . For the continuous time SV model, a GMM approach is developed by Hansen
and Scheinkman (1995). The idea is to match a finite number of sample moments
and theoretical moments. Alternatively, the quasi maximum likelihood (QML) ap-
proach is suggested by Nelson (1988), Ruiz (1994) and Harvey, Ruiz and Shephard
(1994). The main idea is to treat non Gaussian disturbances as if they are normal and
then maximize the quasi likelihood function. Often estimation methods involve the
whole family of simulation based methods, including simulated MM/GMM proposed
by Duffie and Singleton (1993), indirect inference proposed by Gouriéroux, Monfort
and Renault (1993), simulated maximum likelihood (SML) proposed by Danielsson
(1994b), and Markov Chain Monte Carlo (MCMC) proposed by Jacquier, Polson and
Rossi (1994). The SV model has become a central model to describe financial time
series and to compare the relative merits of estimation procedures.

Although most of these methods are consistent under appropriate regularity con-
ditions, in general they are not efficient. For example, by using only a finite number
of moment conditions, MM/GMM may ignore important information contained in
the realizations. The QML approach simply approximates the true information. Not
surprisingly, such an approximation could lose substantial amounts of information.
The simulation based methods decrease the efficiency by introducing an extra ran-
dom error. This raises the question as to whether we can find a methodology with
efficiency equivalent to maximum likelihood.

The present chapter uses such an alternative approach to estimate the stochastic
volatility model - via the empirical characteristic function. The rationale for using
the characteristic function is that there is a one to one correspondence between the
characteristic function and the distribution function. Consequently, the empirical

characteristic function (ECF) should contain the same amount of information as the
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empirical distribution function (EDF). Theoretically, therefore, inference based on the
characteristic function should perform as well as inference based on the likelihood.
Moreover, by using the characteristic function, we can overcome the difficulties arising
from ignorance of the true density function or the true likelihood function. This
chapter is organized as follows. The next section introduces a canonical SV model
and explains why the model is difficult to estimate. Section 3.3 presents a discussion
on ECF estimation for the SV model; the characteristic function of the SV model
is obtained as well. Section 3.4 discusses the implementation of the ECF method as
well as a Monte Carlo study and an empirical application. All proofs are collected in

the Appendix.

3.2 The Model

The formulation of the discrete time stochastic volatility model is similar to that of the
ARCH-type models. That is, the conditional variance is directly modeled. However,
in contrast to the ARCH-type models, the stochastic volatility model allows a random
component in the transition equation. By doing so, the model can explain why large

changes can follow stable periods. The model is of the form,
Tt =06, L= 1,21”'7Te (2’1)

where o7 is the conditional variance based on the information at the end of time ¢,
and e, is a series of i.i.d. random disturbances which are assumed to be a standard

normal distribution. We define
oy = exp(0.5h,) (2.2)
and assume h, follows a Gaussian AR(1) process, i.e.,

he = A+ ahy_y + v, v, ~ 1dN(0,0?), (2.3)
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where 8 = (@, A,0?) are the unknown parameters. It is well-known that if |a] < 1,
this process is invertible and stationary. Heuristically, we can say that the conditional
variance depends on past conditional variance and a random component. When the
effect of the past conditional variance is strong, volatility clustering will appear in
the series. However, if the random innovation is not dominated, it can bring a large
change into a stable period and can smooth large booms and crashes as well. Without
including the random component, the transition equation is deterministic and the
model exhibits time-varying but deterministic volatility. Finally, we assume e, and v,
are independent, we shall return to this assumption later.

Some statistical properties of z, are determined by A, since z, is a simple function
of h,. For example, h, is stationary for |a| < 1, thus z, is stationary as well. Further-
more, I, is a martingale difference because h, is a martingale difference; see Ghysels,
Harvey and Renault (1996). We also note that z, has finite moments of all orders

and in particular the second and fourth moments are given by E(z?) = exp(r‘_za.;—)),

and E(z}) = 3exp(12_":2). The kurtosis of z, is therefore 3exp(lfiz), so z, exhibits

more kurtosis than a constant variance normal model. Furthermore, Harvey (1993)

derives the moments of powers of the absolute value of z,,

2
Ele| = 2c/2NcI{_?;;21)/_2) xp(-8(162+¢2)-), c>—1,c#0. (2.4)
and
r 1 (s + L1)2 2o
vertet = *{ 75y - (et ) | opam=ay) > Tpe o @9

Since z, is a non-linear function of an AR(1) process, however, the process is diffi-
cult to work with. For example, there is no closed form expression for the character-
istic function of z,. Observing that the dependence of z, is completely characterized

by the dependence of h,, we define y, to be the logarithm of z?. Then we have

v, =logo? +loge? =h;+ €, t=1,2,---,T, (2.6)
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where ¢, = loge? is the logarithm of the chi square random variable with 1 degree of
freedom. Hence, the new process y, still depends on the AR(1) process k., but in a
linear form. Since the process h, contains all the parameters of interest, y, loses no
information from the estimation point of view, the only loss of information being the
sign of e, which for a symmetric distribution, uncorrelated in ¢, and v,, contributes
nothing to volatility estimation. This is why most of the estimation procedures in
the literature are based on y,, not z,.

Unfortunately, neither y; nor z, has a closed form expression for the likelihood
function. This property makes the estimation based on the likelihood extremely
difficult. However, from (2.6) we know that y, is the convolution of an AR(1) process
and an iid logarithmic xfl) sequence, and hence there is a closed form expression for
the characteristic function of y, which we will derive in the next section. Since the CF
contains the same amount of information as the distribution function, the model is
fully and uniquely parameterized by the CF. Therefore, inference based on the ECF

can achieve efficiency.

3.3 ECF Estimation

The model we are going to estimate via the ECF is the one defined by (2.6) since
we can derive the closed form of the characteristic function. In order to use the
ECF method, of course, we need to find the expression of the joint characteristic
function. First, the characteristic function for the logarithm of the X%u distribution is
given in Theorem 3.3.1. And then the joint characteristic function for y,,- - -, Ye4+k—1

is obtained in Theorem 3.3.2.

Theorem 3.3.1 Suppose ¢, is the logarithm of the x(zl) distribution. The character-
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istic function of €, c(r), is
_ T(0.5 + ir)

“r) = —Fos) 2, (3.1)

where t is the imaginary number and defined by /—1.

Proof: See Appendix A.

Theorem 3.3.2 Suppose {y.}~, is defined by (2.6). The joint characteristic function

of Ye: Y1y Yttk—1 &S

L . kit 1& ., o
c(ry,---,re,0) = exP[Zl—an::laJ r,—+z/\§—I_—a—rj—§(j§aJ r;) -
) LI kD +irj) s¢ ,
-5 2 (0 o 7r;)%e%| = lrlc(zl) E2 . (3.2)
=2 ;=i 2

Proof: See Appendix B.
Using the joint characteristic function we can easily obtain the joint cumulant gen-
erating function and consequently the autocorreltion function. The autocorrelation

function of {y;}7, is given in the following theorem.

Theorem 3.3.3 Suppose {y;}~, is defined by (2.6). The autocorrelation function of

{yt}'trzl isr
ak—1g2

— 1-a? =
Pk = a2 + F"(O.S;! _ (F'(0-5))2 s k= 11 21 e (3'3)
1-a? r(0.s) r(0.5)

Proof: See Appendix C.

The y, process defined by (2.6) is the sum of an AR(1) and white noise, it is well-
known that this process has the similar dynamic behavior as the Gaussian ARMA(1,1)
(hence we still call it ARMA(1,1)). This is confirmed by the formula in (3.3). Fur-
thermore, the p mixing condition of the SV model is ensured by (3.3).

In order to use the ECF method to estimate the SV model (2.6), we have to choose

a value for p. Although our process is not Markovian, being an ARMA(1,1), we shall
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choose p = 1 at first. Our reason relates to the results of a Monte Carlo study in
Chapter 2 where the ECF method is used to estimate a linear ARMA(1,1) process
and we found that p = 1 works quite well (see Table 2.9 in Chapter 2). For the SV

model (2.6) we note that with p =1,

rn+ry 1 , o2 1,
y 12y e = A -5 - -3 2
c(ry1,72,0) exp[: — (rl + ars) o 27'20'v]
]f‘(2 + 11'1)1"(2 + zrg) giritira, (3.4)
r2(3)
and
1 -
en(rim2) = = - expliniy; + iragy)- (35)
ij=1

Defining Rec(r,,r3,0), Recn(r1,12), Imc(ry,72,8) and I'mc,(r;1,r2) to be the real

and imaginary parts of ¢(ry,r2) and c,(ry, r2) respectively, we have,

Recq(ry,12) - Z cos(T1y; + rayj+1). (3.6)
=1
and
1 n
Imecey(ry,ra) == Z sin(riy; + r2y;+1)- (3.7)
ij=1

As we mentioned before, a clear advantage of choosing the transformation variable
continuously is that we do not need to choose q. Furthermore, since the same Monte
Carlo study conducted in Chapter 2 shows that the continuous ECF method works
better than the discrete ECF method, we use the continuous ECF method to estimate
the SV model. However, the optimal weight function in the continuous ECF method
is not readily obtained because the conditional score function has no closed form
expression for the SV model. Instead the exponential weight is considered. The
exponential function is chosen because it puts more weight on the points around the
origin, consistent with the recognition that the CF contains the most information

around the origin. Therefore, the procedure is to choose (&, 62, ;\) to minimize,

I 1 [(Rec(ri,r2,8) = £ £ cos(iriy; + iragyen))? (3.8)
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+(Imc(ry, m2,0) — 2 $7, sin(iry; + iray;41)) ] exp(—ar? — ar?) drdr,,

where ¢(r,, ¢2) is given by (3.4) and a is an arbitrary positive constant which is chosen
to be 32.5 in the Monte Carlo studies and the application.

We could check that the appropriate regularity conditions given in Chapter 1
hold for the weight function. Therefore, the resulting estimators are consistent and
asymptotically normal. The asymptotic covariance matrix of the estimators is given

below,

{ / / [aRec(r :0) aRe;r;: :0) . almggr ;) 8lrr;t;(r e)] ) drldrz}_lx
{// [aRe rif)2 Reacog.;e) + 8Imacér;8) a[n:,;;(;‘;0)].9(7')617‘1dr2}—1

In appendix D, the expression of £2 is given as well as the process of calculating it.
We should note that the joint characteristic function of y, is of different functional

form if v, and e; are correlated. However, the ECF method can be still used in the

same way as the uncorrelated case. Of course, the the joint characteristic function of

y: in the correlated case is more difficult.

3.4 Implementation, Simulation and Application

3.4.1 Implementation

The implementation of the ECF method essentially requires minimizing (3.8), and
thus involves double integrals. Unfortunately, no analytical solutions for either the
double integrals or the optimization are available. Consequently, we will numerically
evaluate the multiple integral (3.8), followed by numerical minimization of (3.8) with
respect to 8. The numerical solutions are the desired estimators.

A 40-point Gauss-Kronod algorithm is used to approximate the two dimensional

integrations in (3.8). Since there is no analytical expression for the derivative of the
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objective functions, a quasi-Newton method is used to find the minimum. The starting
point in the optimization is chosen to be the quasi-maximum likelihood estimates
proposed by Ruiz (1994).! All computations were done in double precision.

By using the implementation procedure, we examine the performance of the ECF
method in the estimation of a SV model in a Monte Carlo study. We also apply the

procedure to a real dataset.

3.4.2 Monte Carlo Simulation

The Monte Carlo study is designed to check the viability of the ECF method. We
choose the same parameter setting as Jacquier, Polson and Rossi (1994) did in one of
their Monte Carlo studies, that is, « = 0.9, o = 0.3629, A = —0.736. The number of
observations set at T = 2,000 and the number of replications set at 500.

Table 3.1 reports the simulation results. The table shows the mean, the minimum,
the maximum, the mean square error (MSE) and the root mean square error (RMSE)
for all three estimators, and serves to illustrate that the ECF method works well.

In Table 3.2 we duplicate the results in Table 9 of Jacquier, Polson and Rossi
(1994), where the same experimental design is used but the three alternative meth-
ods are employed, i.e., the GMM, QML and MCMC. We also report the simulation
results provided by Danielsson (1994b) based on the SML for the same experiment.
Of course our random numbers may not be the same as those generated by Jacquier,
Polson and Rossi (1994) and by Danielsson (1994). However, we believe that the ex-
periments should be comparable. The finite sample performance of the ECF method
is better than that of the QML and GMM method, while the MCMC and SML
method outperform the ECF method. This can be accounted for by the use of the

non-optimal weight function. How to choose a better weight function is of future

! Actually in the empirical application many other initial point have been used.
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interest. Nevertheless, the ECF method provides a viable alternative.

3.4.3 Application

Data

The data we used was supplied by George Tauchen? and is the same as that used by
Danielsson (1994b). It consists of eight years (2,022 observations) of daily geometric
returns (defined as 100(log P,4+; — log P;)) for the S&P 500 index covering period

1980-1987. The data are adjusted as detailed in Danielsson (1994b).

Empirical Results

The empirical results are reported in Table 3.3, along with the MCMC estimates
obtained by Jacquier, Polson and Rossi (1994) using the same data set. To obtain
the ECF estimates the initial values are chosen to be the QML estimates, as well
as the MCMC estimates and other starting values. This serves to show that the
global minimum is achieved. From Table 3.3, we note that the ECF estimates are
very different from the MCMC estimates. For example, agcr is close to 0 while the
G&umcmc is close to 1; 64, is 20 times larger than 62,,,,c. Since the empirical results
are so different, the comparison of the goodness of fit is of particular interest.

To compare the goodness of fit, we simulate two sequences by using the ECF
estimates and the MCMC estimates. In Figure 3.1, we plot the empirical density of
the real data and densities of two simulated data sets. Figure 3.1 demonstrates that
the ECF estimates give a better fit than the MCMC estimates. The Kolmogorov-
Smirnov test is performed to test for the goodness of fit. The results are reported
in Table 3.4. For the ECF the Kolmogorov-Smirnov test statistic (0.0257) is much

smaller and the p-value (0.498) is very large while the p-value for the MCMC is 0. The

2We would like to thank Tauchen for supplying the dataset.
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MCMC has been rejected at any significant level and the ECF can not be rejected.
Therefore, the ECF method is significantly better than the MCMC in the sense of
fitting the steady state distribution. This result is very intuitive because the ECF
method basically matches all the moments and hence the density.

We next discuss the implication of our results. Firstly, a much smaller a implies
smaller volatility clustering, that is less persistence. Consequently, there is not much
dependence for the variances between two consecutive trading days. This contrasts
with the implication of large a. Secondly, a much larger o2 suggests that a large
change can possibly follow a stable period and a stable period can follow an unstable
period. This happens because with the large variance the random innovation v,
may dominate the deterministic term and hence bring in a significant change. Thus
whilst the estimated models have similar means their persistence characteristics seem
dramatically different. Evaluating our objective function, given by (3.8), for the two
sets of converged estimates in Table 3.3 we find that the ECF estimates result in a
value of 1.6354 x 107 while the MCMC estimates give 9.73823 x 10~%. The latter is
nearly 600 times larger than the former!

Finally we should stress that we have also chosen larger values of p for the ECF
method. Theoretically, we know that with a larger p the moving blocks preserve more
information and hence the ECF method can be more efficient. On the other hand,
however, a larger p is computationally more time-consuming since higher dimensional
numerical integrations are involved. In Table 3.5, we report the ECF estimates for
p = 2,3,4,5 where we fit the SV model to the same data set.> From this table we

note that the empirical results remain almost unchanged for different values of p and

30f course higher dimensional integrations are required to be approximated for larger values of
p- A DCUHRE algorithm proposed by Bernsten, Espelid and Genz (1993) is used to approximate
such integrations.
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Appendix A

Proof of Theorem 3.3.1

69

According to the definition of the characteristic function, and with ¢, = log( x(zl)), we

have

c(r)

Elexp(ire,)]
El(exp(e:))"]
E((exp(log(x{1))))"]
El(x{y)"]

/xi’f(:c) dz

: 1
P x-—l/Ze—x/2 dr
/ r(1/2)v2
l 1 e %2 dx

/Itr—ir(l/z)\/i

F( 1+22ir )2-‘—‘%

r(3)2:
L(3+ir)2"
L(3)

where f(z) is the density function of xfl) and is given by

f&) = m—e a2 W

(1/2)v2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

(A.1)



70

Appendix B
Proof of Theorem 3.3.2

Since y, is a convolution of a Gaussian AR(1) process and an iid sequence with xfl)

distribution, we have

c(ry,---,1%,0) = E[exp('irlyt + iy + -+ irkyt+k—l)]
= Elexp(irihe +iri€ + irohpey + ir2€iy + - - 4 ehepp—y + iTk€rak—1)

k
= Elexp(irihe + iraheey + - - + irihppr-1] H Elexp(ir;ere;—1)]
j—l

—aod!
= exp(zh¢ZaJ r]+z/\z r]+th+, IZr] “)]
j=1 =2
H Elexp(irjees;-1)|
j=1
= ex Za’ r+,\z —o l(zkjaf-‘ 2o
= expli LR l-a 2 L g
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Appendix C
Proof of Theorem 3.3.3

Defined as the logarithm of the CF, the cumulant generating function is of the form,

¢(T17 Tty Tk) = log(c(rlr c g Thy 9))

A& k1—-a/! 1,& o?
= 1 o i o oA~ )2
2l—csz_::1 i 2].; l-a 73 2(;::1 r])l—az
1 kK L k 1 k
-3 Z(Z o?7'r)0% + Z log(I"(§ +1ir;)) + iz r;log 2.
=2 j=l i=1 i=l1
Therefore, we have
O?¢(ry, - -, 7k)
var(y,) = lr =0
or? !
_ o? + '"(0.5) (F'(0.5) )2
T 1-a2  T(0.5) r.5)" "’
and
Fo(ry,---. 1)
cw(yt7 yt+k—l) = 3rlark |r1=0,rk=0
k152
= k=1,2---
1 _ a2 b b
Hence the autocorrelation functions are,
ak—la.Q
T
Pk = "3 r"(o.s;x_ (CE3T)s k=12-.- W
1-a? T(0.5) T(0.5)
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Appendix D
Asymptotic Covariance Matrix of the ECF estimator
With p = 1, we can define r = (r},13), 8 = (s1,52). By the way we defined ¥, (r, s)

in Chapter 1, we have

Ui(r,8) = Elexp(iriyy + irays + iS1¥Yk+1 + iS2Uk+2)]
= Elexp(irih + irsah, + isyafh; + is,atih)]

E[exp(irlel + iT262 + i31€k+[ + i$2€k+2)]

k k+1
Elexp(iravy +1is1 Y o tog1—j +is2 3 o tuggaj)]. (D.1)
=1 1=1

For the stochastic volatility model,

Ari+ary, + s +as o?(ry + ary + s; + asy)?
To(r,8) = exp[z (1 2 + 81 2)_ (1 2 + 51 2)

l-a 2(1 — a?)
F(OS + i(rl + sl))r(o5 + i(Tz + 32)).)i("1+81+r2+32)
r2(0.5) -
exp(—0.5(ry + 52)202) exp(ira\ + is3A), (D.2)

Ay + are + as; + as? o%(ry + ary + as; + as?)?
Uy(r,8) = exp[z (1 2 1+ 2)— (r1 2 1+ 2)]

l-a 2(1 - a?)
D05 +ir)L(05 + iy +ira)L (05 + i52) sy sraben) ep( —0.520%)
I'3(0.5) -
exp(—0.5(r2 + 81 + as2)%0?) exp(ira A + is;A + is5(1 + a)\), (D.3)

and

Ay + ary + oFs; +oftls?)  o%(r) + ary + aFs; + oFFls2)?
Ui(r,8) = exp [z (n 2 ! 2) _on 2 ! 2) ]

l-a 2(1 - a?)
F(05 + ZT[)F(05 + ITQ)F(OE) + zsl)F(05 + i32)2i(r1+31+r2+s'3)
['4(0.5)
exp(—0.5(ry + o*~!s; + aFs,)%0?) exp(—0.55302)
) 1= ak 1= ak+1
exp(iraA + sy o A+ zsz-Ta—/\)
k
H{exp(—0.5(a"‘jsl + a*t1755)%02)}, (D.4)

i=2
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where k > 2 in (D.4). Define ¥2 as
.1 -
22 = lim = Var(Ky(fo) + - + Ka(60)). (D.5)

Consequently, we can calculate 2 as follows,

$2 JL%////{GRec(r 0) aRec(s 9) niii (cos r'z;), cos(s':vk))

4 OReclri®) Ofm olsid) %ZZCov(cosw'mj),sz‘n(s’“-'k))
6 7] n j=lk=1
MO0 LSS ) o)
0 6 n® i=lk=1
g(r)g(s) drds, (D-6)

where the covariances in the integrand can be obtained by

iz Zn: i Cov (cos(r':z:j), cos(s’:ck)) (D.7)
n® j=1k=1
= i(Re c(r +8)+ Rec(r — 8)) — Rec(r)Rec(s) + Z_: (n — k)(Re ¥i(r,s)

+Re Vi(r,—8) + ReUi(s,7) + Re Ui(s, —71)),

2 Xn: zn: Cov (cos(r'mj), Sin(s’mk)) (D.8)
n? Skt
= %(Im c(r+8) — Imc(r — 8)) — Rec(r)Rec(s) + 2—1112 :Z;::(n — k)Y(Im U(r,s)

—Im¥i(r,—8) + ImUy(s,7) + Im U (s, —1)),

n

iz > i Cov (sin(r':cj), sin(s':z:k)> (D.9)
ne is1k=1
= %(Rec(r+s)+Rec(r—s)) — Imec(r)Imc( s)+ Z(n— )(Re Ui(r, —8)

—ReVi(r,s) + Re ¥i(8,—1) — Re Ui(s, 1)),

with ¢(r) = c¢(r;80) which is defined by (3.4). Therefore, £2 can be calculated by

using (D.2), (D.3), (D.4), (D.6), (D.8), (D.9), and (D.10). Finally, based on £2, the
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asymptotic covariance matrix is

{// [aReC(T 19) 0Re A7) + 8Imc(r; 6) 9Im c(r; 0)] (T)drldr2}—lx

20T a0 06T
ORe c(r 0) ORec(r;0) JdImc(r;0)dImc(r;0) -1
{// [ 267 | o8 67 ]g(r)dr‘d“} -
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True Values of Parameters o = 0.9 o0 = 0.3629, A = 0.736

No. of Replications=500 No. of Observations=2,000

a=09]|0=0.3629 | A = -0.736
MEAN | .892 .3812 -7962
MED | .895 3763 -.774
MIN 75 .1985 -1.843
MAX .95 .6399 -.3401
RMSE .03 .067 231

Table 3.1: A Monte Carlo Study of the ECF Method of a SV Model

True Values of Parameters a = 0.9 o = 0.3629, A = —0.736

No. of Replications=500 No. of Observations=2,000*

Method | a =0.9 | o =0.3629 | A = —0.736
GMM | .88(.06) | .31(.10) | -.86(.42)
QML | .88(.06) | .383(.11) | -.853(.46)
MCMC | .896(.02) | .359(.034) | -.763(.15)
SML | .902(.02) | .359(.039) | -.721(.15)

Table 3.2: Monte Carlo Comparison of GMM, QML, MCMC, and SML Estimates

4The table shows the mean and RMSE(in parentheses).
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ECF | -.0676 | .747 | -0.29
MCMC | 0.97 | .15 | -.002

Table 3.3: Empirical Comparison of ECF and MCMC Estimates

KS statistic | p-value
ECF 0.0257 0.498
MCMC 0.0875 0

Table 3.4: Kolmogorov-Smirnov Goodness-of-Fit Test of ECF and
MCMC Estimates
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-0.0719 | 0.743 | -0.45
-0.0822 | 0.740 | -0.31
-0.0927 { 0.738 | -0.38
-0.0742 | 0.731 | -0.40

ST AT ST S
Il
W N

i
wr

Table 3.5: Empirical Results of ECF Estimates with Different Values of p
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Figure 3.1: Empirical Density and Densities from ECF and MCMC Estimates
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Chapter 4

ESTIMATION OF THE DIFFUSION JUMP MODEL VIA
EMPIRICAL CHARACTERISTIC FUNCTION

4.1 Introduction

Motivated by the non-linearity in financial time series, such as volatility cluster-
ing, researchers have resorted to the processes which can generate such a property.
Among them are ARCH models proposed by Engle (1982), GARCH models proposed
by Bollerslerv (1986), Stochastic Volatility (SV) models proposed by Clark (1973),
Tauchen and Pitts (1983) and Taylor (1986), and the diffusion jump model with a
self-exciting intensity proposed by Knight and Satchell (1993). A common feature
for these models is that they allow for time dependence. Also, all these models can
be representable as a martingale difference and hence consistent with the market effi-
ciency in the weak sense. Among these three types of models, the ARCH-type models
have thus far attracted the most attention for at least one reason. The reason is that
the estimation of the ARCH-type models is relatively easy to implement. Since the
ARCH-type models have Markovian properties, the conditional maximum likelihood
(CML) estimation method is usually employed. Unfortunately there are still some
difficulties involved in the ARCH-type models. One of them is the model’s inability
to explain that large changes are not unusual after stable periods, since the volatility

evolves according to a deterministic mechanism. Another difficulty is that the model
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can not well explain the dis-continuity existing in the sample path of most financial
time series; see Jorion (1988).

By introducing another error term and hence treating the volatility as a stochastic
process, the SV model can overcome the first difficulty involved in the ARCH-type
models. However, a new problem is arising. Even for the simplest SV model, nei-
ther the exact likelihood function nor the conditional likelihood function has closed
form. Therefore, the likelihood based estimation method is extremely difficult to im-
plement. Consequently, some alternative estimation methods were discussed in the
recent literature. The methods include the generalized method of moments (GMM),
quasi-maximum likelihood (QML) method, Markov Chain Monte Carlo (MCMC),
simulated maximum likelihood (SML) method and efficient method moment (EMM).

An alternative way to overcome the difficulty involved in the ARCH-type model is
to compound a Brownian motion (BM) and a Poisson jump process. The jump com-
ponent is first introduced by Merton (1976) and extended by Jorion (1988) to explain
the dis-continuity. Furthermore, to allow for non-linearity, the intensity parameter in
the Poisson process is assumed to be self exciting and hence time dependent, making
the model different from the model proposed by Jorion (1988). The model was first
proposed by Knight and Satchell (1993) and then applied to fit the UK stock data by
Knight, Satchell and Yoon (1993). Unfortunately, the maximum likehood method is
not applicable to this model since the likelihood function has no closed form. Instead
Knight, Satchell and Yoon (1993) employ the GMM method to estimate the model.
When fitting the UK data to the model, however, they find that the GMM estimates
sometimes do not make sense. For example, the estimate of the variance parameter
for some stocks is negative. The finding is due to the poor finite sample properties
of the GMM estimator. In this thesis, we use an alternative approach to estimate

this model - via the empirical characteristic function. This chapter is organized as
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follows. The next section introduces the diffusion jump model where the intensity
in the Poisson jump process is self-exciting and explains why the model is difficult
to estimate. Section 4.3 presents a discussion on ECF estimation for this model; the
characteristic function of the model is obtained as well. Section 4.4 discusses the
implementation of the ECF method as well as a Monte Carlo study and an empirical

application. The proof of the theorem is in the Appendix.

4.2 The Model

It is common in financial literature to assume that the price of an asset at time ¢,

P(t), follows a geometric Brownian Motion (BM),
dP(t) = aP(t)dt + o P(t)dB(t), (2.1)

where B(t) is standard Brownian motion, « is the instaneous return and o2 is the
instaneous volatility. By including the jump component, Knight and Satchell (1993)

assume that the price follows the mixed Brownian-Poisson process,
dP(t) = aP(t)dt + o P(t)dB(t) + P(t)(exp(Q(t)) — 1)dN(t), (2.2)

where Q(t) is a normal variate with mean pq and variance ¢ in the interval (¢, t+ At],
N(t) is a Poisson process with intensity parameter A(t), and Q(¢) is independent with
N(t). By using Ito’s lemma, we can solve the stochastic equation (2.2) for the stock

return X (¢t)(= log(P(t)/P(t - 1)),

o2 AN(Y)
X(t) = (a- 7)t+aB(1) + Z Q(n)
AN(t) "~
= ut+oB(1)+ Z Q(n), (2.3)

where 4 = a — % Hence the behavior of X(t) depends not only on the continuous

diffusion part (a — 2Vt + oB(1 , but also a dis-continuous jump part Z,?:l(” Q(n).
2
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The continuous part is responsible for the usual day-to-day price movement, such
as temporary imbalance between supply and demand or firm-specific information
that only marginally affects the value of the stock. The dis-continuous jump part
corresponds to the arrival of new important information to the market. When the
jump part has a significant effect, a large change can certainly follow stable periods.
Furthermore, the Poisson process N(t) is assumed to have an intensity function A(t)

which is self-exciting as follows,

{

M) = 3 aw?(t — i)+ Y BVar(X (¢ — (- - 1), (2.4)
=1 1

j=
where v(t) is N(0,1) conditional on N(t), and I(t) is information up to the close
of the market on day ¢t. The motivation for the model is the idea that the flow
of information at day t’s trading is conditioned by the news known at the close of
trading at day ¢t — 1 or prior to opening at day t. Also, the motivation comes from
the idea that the expected number of jumps, which corresponds to the arrival of new
important information to the market, depends upon past volatility and derivation
from fundamentals B%(1) (= v?(t)). Due to the dependency of A(t), .X(¢) could be

time dependent. Considering the conditional variance of X (t), we have

Var(X(t)|I(t - 1))

o? + (pd + 0}) iailﬂ(t — 1) + glj BiVar(X(t—j)It-j- 1))) . (2.5)
=1

j=1
Obviously the conditional variance is time dependent and volatility clustering can
be accounted for by the model. Unfortunately, X(t) has no closed form expression
for the likelihood function because it compounds three processes, the BM, a Poisson
process and an i.i.d. xf,, sequence. This lack of tractable form for the likelihood
makes the ML method difficult to implement.

For simplicity, Knight, Satchell and Yoon (1993) consider the model with m =
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[ =1 in Equation (2.4), i.e.,
At) = av?(t — 1) + BVar(X(t — 1)|I(t — 2)). (2.6)
In Appendix A, we will show that Equation (2.6) is equivalent to
At) = Bo® + B(ud + aB)A(t — 1) + ar?(t — 1), (2.7)
or
Var(X (t)|I(t—1)) = o +B(ud+05)Var(X (t—1)[1(t—2))+a(ud+od)i(t-1). (2.8)

Knight, Satchell and Yoon (1993) claim that m = [ = 1 is found to suffice in most ap-
plications. From Equation (2.8) we can tell that the model is similar to GARCH(1, 1)
model proposed by Bollerslev (1986). For the model based on Equation (2.3) and
Equation (2.6), some conditions on the parameters are needed for the stationarity of
the process. See Knight, Satchell and Yoon (1993) for details. Furthermore, they give
the formula to calculate up to the fifth cumulant and the covariance between .X(t)
and X (¢t —s). Based on the results on moments, the GMM estimator can be obtained.
However, since the GMM only uses a few moment conditions, it is not surprising that
the finite sample performance is not good. In the next section we will derive the char-
acteristic function of X (t) and then perform the estimation based on the empirical
characteristic function. Since the characteristic function contains the same amount
of information as the distribution function, the model is fully and uniquely parame-
terized by the CF. Therefore, inference based on the ECF can outperform that based

on the GMM.

4.3 ECF Estimation

The model we are going to estimate via the ECF is defined by (2.3) and (2.6). In

order to use the ECF method, of course, we need to find the expression of the joint

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



84

characteristic function. The joint characteristic function for X(¢),---, X (¢t — k) is
obtained in the theorem below. The joint characteristic function for the model defined

by (2.3) and (2.4) can be obtained in the similar way.

Theorem 4.3.1 If a random process { X (t)}., is a compound Poisson process with
self-ezciting intensity which is defined by Equations (2.3) and Equation (2.6), then

the joint CF of X (t),---, X(t — k) is,

c(ry, - Te+1;0) =

k+1 1 kL Bo? K+l
exp(ip z ri— 502 Z rjz) exp 9§ 7 3 Z G(r;)
i=1 j=1 Y

=1

o k+1 ' -2, 4 j -1/2
II {1 -2a¢'>" ¢"“'JG(1‘,-)} II {1 -2a) é’"G(r,)} . (3.)
=1 =1

=0 Jj= j=2

r2a,2
where ¢ = B(ug + 03), G(r) = exp(ir;puq — 552) — 1, and 8 = (u,0%, 0, B, g, 0h)

is the parameter.

Proof: See Appendix A.

Using this theorem, we can easily obtain the covariance for the returns and square
of the returns. For example, Cov(X (), X(t — s)) = 2u40?6°/(1 — 6%). Hence X(t)
and X (¢ — s) are uncorrelated when po = 0. However, X(¢) and X (¢ — 1) are not
independent in any case since ¢(ry, r3) # c(r1)c(r2).

[n order to use the ECF method to estimate the model defined by (2.3) and (2.6),
we have to choose a value for p. As we argued before, a larger value of p works better
than a smaller value of p, however, we shall choose p = 1 at first. For the model
defined by (2.3) and (2.6) we note that with p =1,

2

c(ry,r,0) = exp{ fo (G(r1) + G(r2)) +ip(ry +12) — %az(rf + rg)}

1-¢
I1{1-286G(r) + Gora)) > (1= 20G(r)) 4, (32)
=0

[(S11d
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cn(T1,72) z exp(ir1y; + ir2yj+1)- (3.3)
J—l

Defining Rec(ry,r2,80), Recn(ry,r3), Imc(r,72,08) and Imc,(ry, r2) to be the real

and imaginary parts of c(r,r2) and ¢,(r;,72) respectively, we have,

Recq(ry, 1) Z cos(T1y;j + rayj+1), (3.4)
and
Imc,(ry,r3) Z sin(riy; + rayjs1)- (3.5)
] =1

As we mentioned before, a clear advantage of choosing the transformation variable
continuously is that we do not need to choose q. Furthermore, since the Monte Carlo
study conducted in Chapter 2 shows that the continuous ECF method works better
than the discrete ECF method, we use the continuous ECF method to estimate the
model. However, the optimal weight function in the continuous version is not readily
obtained because the conditional score function has no closed form expression for
the model. Instead we use the OLS of the continuous ECF method with a constant
weight function chosen over an interval [0, 1]. Therefore, the procedure is to choose
(2,62, &, 8, fig, 63) to minimize,

Jo fo [(Re c(r1,12,0) — & L7 cos(iriy; + iray;11))? (3.6)

+(Ime(ry,r2,0) — £ LI, sin(ir y; + iray;))?| dridry,

where c(r, c2) is given by (3.2).
We can check that the appropriate regularity conditions given in Chapter 1 hold.
Therefore, the resulting estimators are consistent and asymptotically normal. The

asymptotic covariance matrix of the estimators is given below,

{/ / [6Rec(r 0) ORec(r;0) OImc(r;0) 8Imc('r';0)]drldr2}“‘><

a0” 00 0"
ORe c(r @) ORec(r;0) 08Imc(r;0)dImc(r; 9)] -1
{/ / [ aT a8 207 dndr
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4.4 Implementation, Simulation and Application

4.4.1 Implementation

The implementation of the ECF method essentially requires minimizing (3.6). and
thus involves double integrals. Unfortunately, no analytical solutions for either the
double integrals or the optimization are available. Consequently, we will numerically
evaluate the multiple integral (3.6), followed by numerical minimization of (3.6) with
respect to @. The numerical solutions are the desired estimators.

A DCUHRE algorithm proposed by Bernsten, Espelid and Genz (1993) is used to
approximate the two dimensional integrations in (3.6). Since there is no analytical ex-
pression for the derivative of the objective functions, the Powell’s conjugate direction
algorithm (see Powell (1964)) is used to find the global minimum. All computations
were done in double precision.

By using the implementation procedure, we examine the performance of the ECF
method in the estimation of the diffusion jump model in a Monte Carlo study. We

also apply the procedure to a real dataset.

4.4.2 Monte Carlo Simulation

The Monte Carlo study is designed to check the viability of the ECF method. For
simplicity, in the model defined by (2.3) and (2.6), we let uy = po = o0 = 0,a =1,

and thus ¢ = ﬂaé. Therefore, the model can be rewritten as,
AN(t)

X(t) = 2_: Q(n), (4.1)
where Q(n)|AN(t) ~ i.i.d. N(0,03), AN(t) ~ P(A(t)), and
At) = dA(t = 1) + V(¢ - 1). (4.2)

Obviously, for the process {A(t)} to be stationary, |¢| must be smaller than 1. We

choose parameters as 05 = 1 and 8 = 0.5, which implies ¢ = 0.5. The number of
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observations is set at 7" = 2,000 and the number of replications is set at 500. For the
numerical optimization, the starting point is chosen to be the GMM estimates. In
the GMM, we use the second and fourth cumulants and the weight function is chosen
to be the identity matrix.

Table 4.1 reports the simulation results. The table shows the mean, median.
minimum, maximum, mean square error (MSE) and root mean square error (RMSE)
for both estimates, and serves to illustrate that the ECF method outperforms the
GMM. Also see Figure 4.1 and Figure 4.2. From the table and two figures, we know
that, with the same weight function for both methods, the ECF works much better
than the GMM. For example, the MSE of 3 for GMM is at least 15 times larger than

that for the ECF. The results for the estimates of aé also favor the ECF method.

4.4.3 Application

Data

The data we used is the same as that we used in Chapter 3. We plot it in Figure 4.3.

The October 1987 stock-market crash can be clearly identified in the graph.

Empirical Results

In this empirical study, we fit the model defined by (2.2) and (2.6) to the data. The
parameters of interest are @ = (p, 0% a, 8, 1g,05). Again we let & = 3(uy + 03).
To simply the model, we shall assume that X(¢) is stationary. Consequently, A(t)
has to be stationary. From (2.7) we know that A(¢) is stationary only if |¢| < 1. We
further require o, 8 > 0 to guarantee the intensity function to be non-negative. Two
constraints are 6% > 0 and 03 > 0. The empirical results are reported in Table 4.2.
Firstly, from Table 4.2, we can calculate ¢ = B(ud + o) = 0.29, which implies

a positive correlation of the conditional variance between two consecutive trading
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days. Furthermore, the conditional variance at day t has less dependency on the
deviation from market fundamentals v(t — 1). This dependency is captured by the
a(u"’Q + a%), which equals to 0.001. Also note that the corresponding parameters in
the GARCH(1, 1) model are usually much larger. Therefore, our estimates suggest
much lower volatility clustering and hence less inefficiency in the market.

Secondly, we note that the instaneous mean and variance in the continuous part
are 0.055 and 0.79 respectively. As we mentioned before, the continuous part is due to
general economic information which only has marginal effect. Therefore, on average
the log return is about 0.055% because of the normal economic activities.!

Finally, since pg and 05 corresponds to the mean and variance of the normal
variate in the dis-continuous part, g = —0.16 implies a negative return due to the
impact of important information and a% = 6.18 suggests a much bigger volatility an

average important information can incur than that the usual information can incur.

IThis is because X (¢) = 100(log(P(t + 1)) — log(P(t))).
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Appendix A
Proof of Theorem 4.3.1
We start the proof by showing that Equation (2.6), Equation (2.7) and Equation (2.8)

are equivalent. From the definition of I(¢ — 1), we have

AN(2)
Var(X(t)(t—1)) =Var(u+oB(1)+ > Q(n)|At)) = O'2+/\(t)(/12Q+0’é). (A.1)
n=1

Substituting out A(t) in Equation (2.6), we then have,

Var(X()[I(t — 1)) = 6 + a(ud + 03)v(t — 1)? + B(ud + 05)Var(X (t — 1)[I(t — 2)).
(A.2)

Therefore, the condition variance of this model follows a GARCH(1, 1). However, by

substituting out Var(X(t — 1)[I(¢t — 2)), we have,
At) = Bo® + B(pd + o)At — 1) + a?(t — 1), (A.3)

which is Equation (2.7). Since the intensity represents how fast new information
arrives, Equation (2.7) means that the speed of the arrival of new information today
depends on how frequent new information has arrived yesterday, as well as a random

component. By applying backward induction to Equation (2.7), we have

— fa? t—1 t—1 S 2 .
,\(t)_1_¢(1—¢ )+ ¢ IA1) +ad At —j5 - 1). (A.4)
j=0
If || <1, ast — oo,
2 [o o]
A(t) = Ba + > At - - 1). (A.3)

Consequently, the characteristic function of A(t) is,

¥(r) = FE(exp(irA(t)))

2 [~
= E {exp (is(lﬁ_a¢ + Zq&’iﬁ(t Y 1)))}
2 (o]
= exp(irT—) [1Q - 2iag’) . (A.6)
=0
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Bo? k+l k+1 . -2
= { 2 G(r;) } II {1 ~2a¢'}" ¢"+“’G(rj)}
1=0 j=1
k+1 i 172
1__[2 {1 - 2alz:l¢’"G(n)} . (A7)
j= =

Thus, the characteristic function of X (¢),---, X (¢t — k) is,

C(T[, et ,Tk+1;6)

= E{exp(innX(t) + - - +ire 1 X(t — k))}
AN(t-1) AN(t—1)

= E’{exp(zrl(,u+aB + Z Q(n)) +---+irgn(p+0B(1) + Z Q(n) ))}

k+1 k+1  AN(-1)
= FE {exp(i,u > r)exp(io(riW (1) + - + re W (1)) exp(d_ i > Q(n))}

=1

k+1 k+1 k+1 AN(t-1)

= exp(ip Z T — —02 Z H exp (ir, Z Q(n)) }
k+1 k+1 k+1

= exp(ip ) rj— —02 Z ) exp { }

=1

fos) +1 1/2 +1 j -1/2
11 {1 - 2a¢‘k2 ¢'°+1-1‘G(rj)} kl‘[ {1 - 2a2¢f—‘G(r,)} . N

j=1 j=2 =1
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True Values of Parameters 3 = 0.5 03 = 1.0

No. of Replications=500 No. of Observations=2,000

B=05 0% = 1.0
ECF | GMM | ECF | GMM
MEAN | .5098 | .5602 |.9792 | .9792

MED | .5078 | .5408 | .9746 | .9512

MIN | .3408 | .0958 |.6342 | .4213

MAX | .6481 | 1.804 | 1.340 | 1.706

MSE | .00276 | .0469 | .0184 | .0407

RMSE | .0525 | .2165 | .1358 | .2016

Table 4.1: Monte Carlo Comparison of ECF and GMM for a Diffusion Jump Model

|| Method | u | o? o 8 He | 9%

II ECF | 0.055 | .79 | 0.00016 | 0.047 | -0.16 | 6.18

Table 4.2: Empirical Results when Fitting the Diffusion Jump
Model to SP500 Daily Returns
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Figure 4.3: SP500 Daily Returns
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Chapter 5

A TEST STATISTIC AND ITS APPLICATION IN
FINANCIAL MODELLING

5.1 Introduction

Modelling stock returns has been a very interesting topic for a long time. One reason
is that some important models in financial theory critically rely on the distribution
form for the returns of underlying stocks, such as the option pricing model. In the
search for satisfactory descriptive models of stock returns, many distributions have
been tried and some new distributions have been created over past several decades.
All these alternative models can be categorized by two families. One is finite-variance
distributions. Examples include the normal distribution by Osborne (1959), the Stu-
dent t distribution by Blattberg and Gonedes (1974), the mixture of normals (MN)
by Kon (1984), the compound log-normal and normal (LN) distribution by Clark
(1973), the mixed diffusion-jump (MDJ) model by Press (1967) and more recent
one, the Weibull distribution by Mittnik and Rachev (1993). The other family has
infinite-variance, such as the Stable distribution by Mandlebrot (1963).

The Stable distribution has been appreciated as a possible alternative to describe
the stock returns for both statistical and economic reasons. Statistically speaking, the
Stable distribution has domain of attraction and belongs to their domain of attraction.

Economically speaking, the stable distribution has unbounded variation and allows
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arbitrage, and hence is consistent with continuous-time equilibrium in competitive
markets (see McCulloch (1978)). Furthermore, a sample path generated by the Stable
distribution almost surely contains an infinite number of dis-continuities, consistent
with the efficient market hypothesis (see McCulloch (1978)).

Despite these appealing properties, the Stable distribution is less commonly used
today. It has fallen out of favor, partly because of the difficulties involved in the-
oretical modelling; standard financial theory, such as cption theory, almost always
requires finite variance of returns. Furthermore, evidence has been found against the
Stable distribution. Firstly, by using the likelihood ratio test, Blattberg and Gonedes
(1974) found that the Student t distribution has greater descriptive validity than the
symmetric Stable distribution, and Tucker (1992) found that finite-variance models
outperform the asymmetric Stable distribution. By using the Komogorov-Smirnov
test, Mittnik and Rachev (1993) found that the Weibull distribution is a suitable
candidate. Secondly, when the tail behavior was investigated, Akgiray and Booth
(1987) found that the tails of Stable distribution are too thick to fit the empirical
data. Thirdly, Lau, Lau and Wingender (1990) found that as the sample size gets
big the sample variance seems to converge while the Stable distribution implies that
sample variance should blow up rapidly. Finally, the evidence provided by Blattberg
and Gonedes (1974) indicates that the distribution of monthly returns conforms well
to the normal distribution, while the Stable distribution implies that long horizon (for
example, monthly) returns will be just as non-normal as short-horizon (for example,
daily) returns.

The purpose of this chapter is to re-examine the descriptive power of the finite-
variance distribution family and the infinite-variance distribution family as models of
daily stock returns. However, instead of using overall goodness of fit testing methodol-

ogy, we concentrate on studying the variance behavior for chosen distribution families.
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To be more specific, we propose a test statistic to distinguish finite-variance families
against infinite-variance families for stock returns. Particular attention is paid to
the variance due to two reasoms. Firstly, as far as the variance is concerned, an
infinite-variance model is fundamentally riskier than a finite-variance one. Secondly
and more importantly, many financial models critically depend on the assumption
on the second moment. Examples include the capital asset pricing model (CAPM)
and the Black-Scholes model. As a result, finite variance and infinite variance could
have very different implications for theoretical and empirical analysis. Unfortunately.
testing for finite variance or infinite variance based on a sample without choosing
specific distribution families will probably never be possible to have a test with uni-
formly good power. Instead of directing the test on variance itself, we test a specific
finite-variance model against a specific infinite-variance model.

This chapter is organized as follows. The next section introduces the test statis-
tic, motivates the intuition behind it, and obtains the statistical properties of it.
Section 5.3 briefly summarizes the candidate models of the stock returns, including
finite-variance family and infinite-variance family. The proposed statistic is used to
distinguish these two families. Section 5.4 discusses the implementation of the test
as well as Monte Carlo studies and an empirical application. Section 5.5 concludes.

All the proofs are collected in Appendix A and B.

5.2 Proposed Statistic and Its Properties

DuMoucher (1973) states that if a sample has a standard deviation many times as
large as the interquartile range, the Data Generating Process (DGP) could have an
infinite variance. However, he does not give a statistical analysis to indicate when

the DGP has an infinite variance. Despite this we find that his statement is quite
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intuitive and a study along this line serves our purpose to distinguish finite variance
models and infinite variance models. In other words, the statistical properties of the
relative magnitude of the sample standard deviation with the sample interquartile
range should be investigated.

Suppose { X;}*, be a sequence of observations with common distribution function

F(z), common density function f(z), mean y and variance 2. Let

2= _L_Sox, - ap

i=1

s n-—1

be the sample variance, where ;1 is the sample mean. Denote the quantile process
by Q. (t) (see Chapter 6, Csorgé and Horvath (1993)). The proposed test statistic is
then defined as,

Sn

Tn(GO) = Qn(l — 00) — Qn(oo)’ (2-1)

where 0 < 6y < 0.5. Hence the denominator is the f-quartile range and indeed

the interquartile range when 8y = 0.25. Therefore, T,,(0.25) is basically the ratio
of the sample standard deviation and sample interquartile range. If the true DGP
has an infinite variance, more observations must be from the tails and s, — oc as
n — oo. On the other hand, however, both @,(0.75) and @,(0.25) are finite for any
n. This implies the unboundness of 7,,(0.25). If the true DGP has a finite variance,
less observations come from the tails. Hence s, — o as n — oo and 7T, converges
to a finite number as n — oo. Consequently, it is reasonable to believe that a large
T, comes from a DGP with infinite variance rather than a DGP with finite variance.

Thus we set up the hypothesis as the following,

H,: DGP is a certain finite variance distribution, (2.2)

H,: DGP is a certain infinite variance distribution.

If Hy is rejected, the model in Hy should not be used as a candidate model.
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In this subsection we assume X, X3, ..., X, to be iid random variables. The prop-

erties of T,, are established in this section. Their proofs are found in Appendix A.
Theorem 5.2.1 T, is invariant for a scale-location family.

This is an indeed appealing property. For a scale-location family, no matter how big
the scale is, the expectation of the statistic always takes the same value. In other
words, if we think of 7,, as a measure of risk, the risk associated with a scale-location
family is a constant. Because of this property, any scale-location family can be treated

as one model.

Theorem 5.2.2 If 0% < 400, and Q(t) is continuous at 6y and 1 — 6y, then

T,.—»T= < oo a.s., (2.3)

q1 — qo

where g1 = Q(1 — 6), g0 = @(6) with Q(t) = inf{z : F(z) > t}.
This is the result of the strong law of large numbers (S.L.L.N.).

Theorem 5.2.3 Assume that

(x) f(@) >0, f(q) > 0.

(iz) f(z) is continuous in a neighborhood of q, and qq.

If E|X,|* < oo, then,

VT, - T) 5 N(0,23), (2.4)
that s,
22
Tn ~ N(Ta —)1 (25)
n
where

_o{Xi > @} —6) _oU{Xi < g} —b0) }2

2 _ (-4 (g1 — qo) — )2 —42
22 = (q1—) E{————2a (X1=p)"=0%) f(a) f(a0)
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This central limit theorem (C.L.T.) is the main result of the chapter since the hypoth-
esis test formulated is based on it. If the model in Hy has good descriptive power,
followed by the C.L.T., it must yield a T value which is close to the empirical Tj,.
Although T, is invariant for a scale-location family, it is important to note that in
general both T and ¥? depend on f and hence Hy. Therefore in general our statistic

cannot be used to test the following hypothesis,

Hy : DGP is any finite variance distribution, (2.6)
H, : DGP is any infinite variance distribution. .

Instead T, is a non-nested test of a specific finite variance distribution against a

specific infinite variance distribution.

Theorem 5.2.4 Under assumptions of the theorem (5.2.3), if f is symmetric, then

K-1 + 200(1 - 260) 9001 - (1 - 0062)

2 =
4a2 a*bh? 2a3) ’

(2.7)

where K is the kurtosis of X, a = £, b = 0f(q),c; = [" (E£)2f(z)dz, and c; =

o (552)2 f(z) dz.
Theorem 5.2.5 T, is consistent.

This property guarantees a good power of the proposed test statistic when the number

of observations is big enough.

5.3 Candidate Models for Daily Stock Returns

In this section we introduce the most well-known time-independent models for daily
stock returns, briefly review the properties of the candidate models, and discuss
the relevant estimation method and numerical algorithm if necessary. In the finite-

variance family, the normal distribution, the Student t distribution, the mixture of
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normals, mixed diffusion-jump model, the compound log-normal and normal model,
and the Weibull distribution are presented, while the Stable distribution represents

infinite-variance family.

5.3.1 Normal Distribution

The first model used in the literature to describe daily stock returns is the normal dis-
tribution proposed by Bachelier (1900) and extended by Osborne (1959). Black and
Scholes (1973) provide a formula to price a option assuming the normality of under-
lying asset. Although the assumption of normality greatly simplified the theoretical
modelling, many empirical studies have shown evidence against it (see Blattberg and
Gonedes (1974), Clark (1973), Kon (1984) and Niederhoffer and Osborne(1966)). For
example, empirical daily stock returns exhibit fatter tails and greater kurtosis than
the normal distribution. Despite this evidence, in this paper we still choose it as a
competing model because we want to check the validity of this assumption by using
our test statistic. We note that all moments for the normal distribution exist and the
kurtosis for the normal family is three. Furthermore, since the normal distribution
belongs to a scale-location family, T, is invariant with respect to both iz and ¢? and

hence parameter estimation is not necessary.

5.3.2 Student Distribution

The Student distribution is first proposed to model the stock returns by Blattberg
and Gonedes (1974). Its density is,

_T[(1+v)/2w?VH
1) = =TT

[v + H(z — m)?]~(r+1)/2, (3.1)

where v > 2, and H, m, v are the scale parameter, location parameter, and degrees-
of-freedom parameter. Therefore, T;, is invariant to both A and m, but depends on

v. Furthermore, when v > 4 the Student distribution has a finite fourth moment
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and hence the C.L.T. in Section 2 can be applied. The model is estimated by the

maximum likelihood method using a Quasi-Newton algorithm.!

5.3.3 Mixture of Normals

Kon (1984) proposes to use the mixture of normals to model stock returns, i.e., the
stock return X; come from N(p]-,ajz) with probability a; and o) +---+ ax = 1. A
characteristic of this model is that it can capture the structural change. The density

function is,

_ k 1 (.’L‘ - ;Lj)2
o) = Lo pen gt} 2

1=

All moments exist for the mixture of normals. However, in this paper we only consider
the mixture of two normals due to two reasons. Firstly, Tucker (1992) found the
mixture of two normals has the greatest descriptive power among the family of the
mixture of normals. Secondly, we want to avoid a model with too many parameters.
The parameters of interest for the mixture of two normals are a, py, po, 03,02 and T,
depends on all of them. The maximum likelihood method is employed using a program

proposed by Venables and Ripley (1994) based on Newton-Raphson algorithm.

5.3.4 Mixed Diffusion-Jump Process

Press (1967) and Merton (1976) propose a process which mixes Brownian motion and

a compound Poisson process to model the movement of stock prices,
dP(t) = aP(t)dt + opP(t)dB(t) + P(t)(exp(Q) — 1)dN(¢). (3.3)

where B(t) is a standard Brownian motion (BM). N(¢) is a homogeneous Poisson
process with parameter A. Q is a normal variate with mean ug and variance aé and

independent with N (¢).

'With little effort, we can show that iy = £ 37, X;. Therefore, only parameters H and v
are considered in the numerical algorithm.
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Using Ito’s Lemma, we can solve the stochastic differential equation (3.3) for the

stock return X (¢)(= log(P(t)/P(t — 1))),

AN(t)
X(t)=pp+0opB(l)+ > Qn, (3.4)

n=1

2
where up = a — E,f- The density function for the process is,

© ,—-A\n _ _ 2
g(z) =3 e—n;\—em (— (= ED niq) ) L . (3.5)

n=0 2(o} + noj) \/27r(020 + noj)

All moments are finite for this density and 7, depends on all five parameters up,

o}, 1Q, 04 and A. The maximum likelihood estimates are found by using a Quasi-
Newtom algorithm. However, to numerically maximize the likelihood. we have to
truncate the infinite sum in the equation (3.5) after some value of V. In practice, we

choose N = 11 which provides satisfactory accuracy.

5.3.5 Compound Log-normal and Normal

This model was first proposed by Clark (1973). Instead of modelling returns as drawn
from a single distribution or a mixture of two distributions, Clark (1973) assumes the
returns to be conditional normal, conditional on a variance parameter which is itself
stochastic. To be more specific, he assumes X;|Z ~ N(0, Zo?) and log(Z) ~ N(a, 03).

The density is then,

Y 1 3 z? 1 _(logz—a)2 .
9@) = | e P o g oy N 69)

It is easy to show that & and o2 can be only identified jointly. See Appendix B for
the proof. Consequently, we assume X;|Z ~ N(0, Zo?) and log(Z) ~ N(0,03). The

density is then,

xp(— (logz

)}dz. (3.7)

g(z) = / {
7rz01 22‘7 1 \/ To3
All moments exist for this density and T, is invariant to o?. The estimates are

obtained by the maximum likelihood method using a Quasi-Newton algorithm.
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5.3.6 Weibull Distribution

Mittnik and Rachev (1993) were the first to propose the use of the Weibull distribution
to model stock daily returns. The Weibull distribution is attractive since it is one type
of min-stable distribution (Mittnik and Rachev (1993)). More specifically, suppose
mn, = min{X,,---,X,;}, where X,,---, X, are iid. If, for some constants ¢, > 0
and d, € R, ¢c,m, + d, 4 z , where Z is a random variable with non-degenerate
distribution function m, then m could be a Weibull distribution.

The density function for the Weibull distribution is,

0 ifr<b
f(z) = " . )
2(22)et exp{—(52)°} ifz > b
where o is the index parameter, b is the location parameter and a is the scale
parameter and thus 7, is invariant to both a and b. Furthermore, the density
has finite all order of moments, for example, E(X) = al(% + 1) + b, Var(X) =

2

a2{F( 24+1)- (F (z+ 1)) } The estimates are obtained by the maximum likelihood

method using a Quasi-Newton algorithm.

5.3.7 Stable Distribution

Mandlebrot (1963) is the first person who proposes the Stable distribution to model
stock returns. The Stable distribution is usually characterized by the characteristic
function. The characteristic function of the general Stable distribution is given by,

t
2]

(84

c(t) = exp{iat — c|t|*[1 + 0 tan(%)]}v (3-8)

where index(a), skewness(f), scale(c), and location(a) are parameters. Therefore, T,
is invariant to both c and a. If 1 < a < 2, which is the case for almost. every financial
series, the tails of the stable are fatter than those of the normal and the variance is

infinite. Unfortunately, the density function has no closed form for 1 < a < 2. The
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maximum likelihood method is difficult to implement. Instead in this paper we obtain

the estimates of the model by using the method proposed by McCulloch(1986).

5.4 Implementation, Simulation and Application

The dataset we use is daily returns for the Standard and Poor 500 (S&P500) stock
market composite raw index. We consider three different periods. The first one is
pre-crash sample covering the period from January 1976 to March 1985 with 2,400
observations. The second one also has 2,400 observations but covers the period after
the crash from May 1988 to July 1997. The entire sample from January 1976 to July
1997 with 5,614 observations is also examined. Table 5.1 reports T,, with 6y = 0.25
for these three samples. We note that the post-crash sample shows a larger value of
T, than the pre-crash sample. Furthermore, since the entire sample includes October,
1987 — stock-market crash days, it is not surprising that the associated T, is largest.

As we argued before, the hypothesis we are going to test is the one given by (2.2).
Since all the competing models except the Stable distribution have finite variance,
we set Hy to be one of these models and H; to be a Stable distribution. When T,
is parameter free under Hy, we can choose Hy to be one distribution family, such as
the normal family. Unfortunately, in most cases T}, is not completely parameter free.
Consequently, Hy has to be a certain model with parameters specified.? Furthermore,
since H, is Stable distribution whose parameters o and [ affect the value of T,, «
and 3 have to be specified in H,. Therefore, to implement the test, we have to first fit
the models in both Hy and H, to the data sets. The relevant estimation method for
each candidate model was presented in Section 3. After setting up the hypothesis, we
can obtain the asymptotic mean and asymptotic variance for 7, based on Theorem

5.2.3 in Section 5.2. The p-value is then calculated.

2Actually only those parameters on which T, depends are needed to be specified.
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In Table 5.2 we report the estimates of all competing models for each data set.

2 in the normal distribution, H,m in the Student distribution, o? in the

Since u,o
compound log-normal and normal model, a,b in the Weibull distribution, and a,c
in the Stable distribution can not change the value of T,, the estimates of these
parameters are not reported. Moreover, the estimates of v in the Student model are
less than 4 for both the post-crash sample and the entire sample, the C.L.T. of T, is
not applicable in either situation. Table 5.3 reports the asymptotic distributions and
Table 5.4 shows the associated p-values.

A Monte Carlo study is presented to obtain the finite sample distribution of T;, and
the power of the test. 3,000 replications are generated under Hy and H; respectively
according to the estimates reported in Table 5.2. T, is calculated for each replication
and thus the finite sample distribution of 7,, under Hy and H, is obtained. Following
the finite sample distributions, we calculate the critical value and power of the test.
In Table 5.4 we present the finite sample distribution of 7, under Hy for all three
samples. We report the 95% critical value in Table 5.6 and the power of the test
in Table 5.7. We also perform a Monte Carlo study to obtain the sizes of the test
in finite samples and compare them with the nominal sizes. 3,000 replications are
generated under Hy according to the estimates reported in the first column of Table
5.2 and each replication has 2,400 observations. The nominal sizes are chosen to
be 0.1%, 0.5%, 1%, 5%, 10%, 20% and 50%. The sizes are reported on Table 5.8 and
plotted in Figure 5.1.

A detailed examination of Table 5.3 and Table 5.5 reveals that the asymptotic
distribution of T, is very close to the finite sample distribution of 7;,. Not surprisingly,
therefore, we should expect the same conclusion from both Table 5.4 and Table 5.6.

Table 5.4 indicates that, for all three samples, the normal distribution can be easily

rejected by the proposed test statistic, consistent with most empirical results when
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some other methods, such as the sample kurtosis, are used. Furthermore, for both
the pre-crash sample and the post-crash sample, most finite variance distributions can
not be rejected. For example, for the pre-crash sample the Student distribution, the
mixture of normals, the mixed diffusion-jump process and the compound log-normal
and normal model can not be rejected at 5% significant level. For the post-crash
sample the mixture of normals, the mixed diffusion-jump process and the compound
log-normal and normal model can not be rejected at 5% significant level. This finding
is consistent with what is normally found in most recent literature; see Tucker(1992),
Kon(1984), Blattberg and Gonedes (1974). However, for the entire sample all the
finite-variance models are rejected at 5% and even smaller significant levels. This
finding is significant and suggests that when the value of T, gets bigger and bigger,
it is harder and harder for the data to be modeled by the existing finite-variance
models. The result is not surprising since a finite-variance model is prone to generate
a value of T which is not large enough to match the empirical T,,. If we interpret T,
as a measure of risk, the above finding means that the existing finite-variance models
have difficulties to explore the high risk that the actual stock markets have. Finally,
Table 5.7 provides the evidence that our test has good power. From Table 5.6 and
Figure 5.1, we note that in terms of the size of the test, it works quite well for the
normal distribution, the Student t distribution, the mixture of normal distribution,
the compound log-normal and normal model, and the Weibull distribution. Although
the test under-rejects the mixed diffusion jump model, the differences between the

sizes and the nominal sizes are not large.
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5.5 Conclusion

This paper has considered a test to compare the competing models for daily stock
returns with particular concern about the variance behavior. In the recent literature,
the likelihood ratio test and the Komogorov-Smirnov test are used to compare the
descriptive power of the competing models. Both tests suggest that distributions with
finite variance outperform the distribution with infinite variance. A common feature
for these two tests is that all the observations receive the same weight. Qur test
statistic, however, assigns different observations different weights. Obviously in our
test statistic more extreme observations receive larger weight than less extreme ones.
Consequently, our test statistic prefers a distribution whose tail behavior is closer to
the empirical distribution to a distribution whose near-origin behavior is closer to the
empirical distribution. Therefore, the empirical evidence suggests that most existing
finite-variance models can not generate enough extreme observations although they
may fit the empirical distribution well around the origin. The conclusion is that
these finite-variance models are not always good candidates to describe stock returns.
Therefore, one may expect a good candidate model could be either a distribution
with infinite variance or a non-parametric model. Although most finite variance
models have good descriptive power for both pre-crash sample and after-crash sample,
they do not perform well for the entire sample. This provides the evidence that
a structural change occurred due to the crash. The finding suggests that a good
candidate among the finite variance family should be the one which can incorporate
the structural change. Theoretically speaking, the mixture of normals is able to
explain the structural change, however, it has been rejected for the entire sample.
Therefore, a suitable structural change model which can serve as a good candidate

for the entire sample has to be more complicated than the mixture of normals.
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We have to point out that, observing that stock returns are not independent, many
researchers have investigated the time dependent models such as ARCH-type models
(see Bollerslev, Chou and Kroner (1992)), stochastic volatility models (see Ghysels,
Harvey, and Renault (1996)). Although we will generalize our test statistic into the
dependent case in the future research, the comparison within the iid framework is
still quite interesting due to at least two reasons. Firstly, Mittnik and Rachev (1993)
argue that the iid assumption is not as crucial as it appears. Secondly, although the
time-dependent model has had great practical success, the time-independent model
is still attractive because of the associated mathematical convenience, for example,

for pricing an option.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



111

Appendix A
Proof of Theorem 5.2.1

Since the random variable X belongs a scale-location family, we assume that

T—p

F(z) = G( )

ag

where F is the distribution function of X, p is the location of X, and o is the scale
of X. Define ¥ = 57'3, then G(y) is the distribution function of Y. With the new

notations, we have,

> (Yio - Vo)’

=1

n—
g X

= 2 (Yi-Y)?

n_]‘i:l

= o*s;(Y),

and

F;l(go) = inf{:z: : Fn(l') 2 00}

= inf{z: Gn(z;#) > 00}

= inf{oy: Gn(y) = 6o}

= O'G,:l(go).

Therefore,

5n(X)

F7Y(1 - 6y) — F;(6o)
osa(Y)

oG;Y(1 — 6y) — oG;H(6y)

= Ta(Y, 6). u

Tn(X1 00) =

Proof of Theorem 5.2.2

The theorem follows immediately from the strong law of large number, since S, —
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o a.s. and Qn(l - 00) - Qn(oo) —>q1 —q a.s. ..

Proof of Theorem 5.2.3

Letting ¢10 = g1 — go, note that

Sn _ ag — 41,050 — G(Qn(l - 00) - Qn(90) (_\ 1)
Qn(l —6) —Qn(f) @1 —qo (@n(1 = 6o) = Qn(b0))g10 o
and
1 n ) 1/2
0w = (2 I{Z(Xi ) (X - u)2}> (3.2)
=1
X — )2 — g2 1/2
B {1 CEVE Z{(X —o- . (n _“1))62 - }
_ n(X — pu)? - o2
= 0‘{1-*-———2(”_1)0_2 ;{(Xi_u)z_oﬂ}_ TRV }
n 2 5 _ 2
+op((l S {(X: — )* - 02}> + ("(X o "2) )
n = n
= o+ ﬁ iz::l{(Xi — u)? —o*} + Op(1/n).
Therefore,
q1,05n — 0(Qa(1 — o) — Qn (o)) (A.3)
= S0 z{(x — 02} — 0 {Qn(1 = 60) — Qn(fo) — qi0} + Op(1/n)

2no ¢

According to the Bahadur representation, we have

Qn(l - 00) -—q1 = ftq ) Z{I{X; = (h} - (1 - 90 } + Op(n 1/2)
and
1 2 -1
Qn(bo) — g0 ~ (a0 g{f{« i < qo} —6o)} + op(n~'?)
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Putting the above statements together yields

V1 (g1,08n — 3(Qn(1 — 6o) — Qn(6o))) (A4)
n—l/Z{qzl_;ng{(‘Yi _ ﬂ)2 _ 0,2}
+f—(%l_)i;{I{Xi Sqa}t—(1-6)} - f—g];)‘i{l{xi < q@} — 90)}} + op(1)
— -2 P T a(I{X; > qi} — 6o) _o(I{X; < @} —90)}
Y { 25 (Ko m#) =) ey Fia0)

+ op(1)

This proves (2.4). (2.5) simply follows (2.4). W

Proof of Theorem 5.2.4

Expanding the expression for £2, we have,

¥ = (5(;1{@)21;((%_&)4 N 1) * ngf(i q_o)iO) (fz(lfm) M fz(lth))
(2

NTErAE f(ql)E{(X‘of “)2(1{X1 >q} - eo)}
2

“@o ;)Sf(qo)E{(Xla— 4 (1 < a0 - tn)}

20%63

(a1 — 90)* f(q0) flan)

Since f is symmetric about u, we have f(qy) = f(q). A simplification of above

expression gives us (2.7). W

Proof of Theorem 5.2.5

Under Hj, the critical value (CV)is always a finite number. Then,

Jim Pr(Reject_Ho|Hy is true) = lim Pr(T, > CV]o = +oc) = 1. |
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Appendix B
In this appendix we prove that o and ¢? can be only identified jointly in (3.6).

According to the assumption, we have
Z ~ exp(N(a,02)) = exp(a + N(0,03)) = e* exp(N(0, 52)).

Therefore,

XilZ ~ N(0, Zo?) = N(0, 62e® exp™(©73)).

Obviously, a and o} can not be identified if 2 x e® equals to a constant. Wl
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Sample 1: 76-85

Sample 2: 88-97

Sample 3: 76-97

T, (80 = 0.25)

0.8406

0.9694

1.0174

Table 5.1: T,, in the Empirical Samples
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Sample 1: 76-85 Sample 2: 88-97 Sample 3: 76-97
Student | v = 6.387879 v = 3.994152 v = 3.938247
MN | g = -2.58732 x 1074 | u; =6.2079 x 10™* | g = 5.0964 x 10~
p2 = 1.39901 x 1073 | pup, =3.758 x 10~* | puy = —1.39886 x 1073
o1 =6.16532 x 1073 | oy = 4.21049 x 1073 | 0| = 7.20942 x 1073
oy = 1.16697 x 1072 | 05 = 1.03509 x 1072 | g, = 2.64926 x 1072
a = 0.673595 a = 0.567403 a = 0.952783
LN | o2 =0.4576217 o2 = 0.8810937 o2 = 0.9063072
MDJ | pu=-3732x10"* p=47576 x 107* | 4 =5.168 x 10~*
po = 7.06 x 10~* pg = 3.05 x 1073 po = —2.047 x 10~
0% =2.59 x 1073 0% =7.42 x 1078 0? =2.527 x 10~°
0} =4.73 x 107 04 =372 x107° 0% =9.25 x 107°
A = 0.92847 A =1.2796 A = 0.515686
Weibull | a = 5.06930572 a = 9.00619902 a = 20.3287225
Stable | o = 1.697953 a = 1.501834 a = 1.547262
B = 0.2132737 B = —0.01664654 8 = 0.05912446

Table 5.2: Estimates of the Competing Models
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Table 5.4: p-values of the Test
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Sample 1: 76-85 Sample 2: 88-97 Sample 3: 76-97
Normal | N(0.7413,1.97 x 10~4) | N(0.7413,1.97 x 10~%) | N(0.7413,8.42 x 1079)
Student | N(0.8440,4.50 x 10~%) Not Applicable Not Applicable
MN | N(0.8402,3.25 x 10™%) | N(0.9802,5.57 x 107%) | :V(0.8953,4.18 x 107*)
LN | N(0.8543,4.11 x 10™*) | N(0.9688,8.01 x 10~*) | N(0.9754,3.34 x 107%)
MDJ | N(0.8511,2.75 x 10~%) | N(0.9648,4.32 x 10~4) | N(0.9425,1.57 x 10~)
Weibull | N(0.7307,1.86 x 10~%) | N(0.7569,2.35 x 10~%) | N(0.7854,1.31 x 10~%)
Table 5.3: Asymptotic Distribution of 7;, under H,
Sample 1: 76-85 | Sample 2: 88-97 | Sample 3: 76-97
Normal 0 0 0
Student 0.5628 Not Applicable | Not Applicable
MN 0.4907 0.6757 0
LN 0.7511508 0.4915044 0.01162844
MDJ 0.7368 0.4120 0
Weibull 0 0 0
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Sample 1: 76-85 Sample 2: 88-97 Sample 3: 76-97
Normal | (0.7420,1.96 x 10~*) | (0.7420,1.96 x 10~*) | (0.7418,8.98 x 1073)
Student | (0.8442,4.44 x 107%) Not Applicable Not Applicable
MN | (0.8316,3.46 x 10™*) | (0.9760,5.76 x 10~%) | (0.8990,4.30 x 107%)
LN | (0.8551,4.10 x 107%) | (0.9691,8.07 x 10™%) | (0.9759,3.5 x 107)
MDJ | (0.8520,3.92 x 10~*) | (0.9663,6.18 x 10~*) | (0.9434,2.38 x 10~*)
Weibull | (0.7313,1.92 x 107%) | (0.7575,2.40 x 10™%) | (0.7855,1.26 x 107*)
Table 5.5: Finite Sample Distribution of T,, under Hy
Sample 1: 76-85 | Sample 2: 88-97 | Sample 3: 76-97
Normal 0.7653077 0.7653077 0.7576618
Student 0.8814489 Not Applicable | Not Applicable
MN 0.8622002 1.015521 0.9331136
LN 0.8904581 1.01819 1.006542
MDJ 0.8836779 1.007142 0.9692391
Weibull 0.754372 0.7837439 0.8034553

Table 5.6: Critical Value of the Finite Sample Distribution
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Sample 1: 76-85 | Sample 2: 88-97 | Sample 3: 76-97
Normal 1 1 1
Student 1 Not Applicable | Not Applicable
MN 1 1 1
LN 1 1 1
MDJ 1 1 1
Weibull 1 1 1

Table 5.7: Power of the Test

Nominal size | 0.001 | 0.005 0.01 0.05 0.1 0.2 0.5
Normal | 0.003 | 0.009 | 0.012 | 0.056 | 0.114 | 0.223 | 0.507
Student | 0.002 { 0.0067 | 0.0110 | 0.065 | 0.107 | 0.192 | 0.484

MN | 0.001 | 0.0077 | 0.0117 | 0.0517 | 0.096 | 0.196 | 0.490

LN | 0.0 |0.0087 | 0.0197 | 0.0637 | 0.112 | 0.193 | 0.501
MDJ | 0.007 | 0.0217 | 0.0250 | 0.0937 | 0.1450 | 0.257 | 0.513
Weibull | 0.001 { 0.006 | 0.0137 | 0.062 | 0.114 | 0.218 | 0.519

Table 5.8: Size of the Test
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Figure 5.1: Size of the Test
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